
 

1. lÑ.�/
§3.2 ���Å�þ�éÜ©Ù�>Æ©Ù, §3.7 ^�©Ù½Â2.1 & 2.2. eξ “ pX,Y q �k��½���/�0(���þ), K¡ξ ǑlÑ..

ξ ´lÑ.��=�X,Y Ñ´lÑ..



 

½Â2.3. �ξ “ pX,Y q, KX �©Ù¡Ǒξ 'uX �>Æ©Ù. 'uY �>Æ©Ùaq.~2.5. 0 ď ε ď 1

4
,

P pξ “ p0, 0qq “ P pξ “ p1, 1qq “ 1

4
` ε;

P pξ “ p0, 1qq “ P pξ “ p1, 0qq “ 1

4
´ ε.ok, X,Y „ Bp1, 1

2
q.

 

�½j, ò
P pX “ xi|Y “ yjq, i “ 1, 2, ¨ ¨ ¨¡Ǒ3Y “ yj �^�e, X �^�©Ù(�);

Y �^�©Ùaq. (7.3)éÜ©Ù�ô >Æ©Ù�!^�©Ù�.
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~2.2 & 2.3: k�þ®), ¹x!�!ùn«�Ú,'~©OǑp1,

p2, p3. l¥Ä�n |. �: T�Ä�k1 |x, k2 |��VÇ.

Ä �Ä�XJ
/R207 0.12 Tf
1 0 0 -1 117.12 c
9.9 42(|)Tj
/R254 0.12 Tf
10.9199 0 Td
(x)Tj
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1 0 0 1 234.62 4235.09 42(|)T[(TJ
/R86 10.9091 Tf
6.71992 0 Td
[(p)-3YTJ
/R207 0.12 Tf
1 0 0 -1 117.1 421
9.9 42(|)Tj
/R254 .12 Tf
10.9199 0 Td
(‘)Tj
/R65 00.9091 Tf
1 0 0 1 234.680 235.09 42(|)T[(TJ
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1 0 0 -1 117.1874465.09 42(|)T(=/R112 0.12 Tf
10.9199 0 Td
(Ä)Tj
/R50 1787091 Tf
1 0 0 1 234.238 252.69 42(|)T[(p)4/R86 10.9091 Tf
6.714.Td
[(p)-3X)-2 c9846(,)-2633YTJ
1]TJ
/R207 787091 Tf
1 0 82  0 Td
(Ä)T[(q)- 0.c
23(�)- 3 4099(p)4/R86 10.9091 Tf
6.7124 00 Td
(ù)T3.0011]TJ
/R207 7.97011 Tf
5.64023 -1.68008 Td
[(1)4.03117]TJ
/R103 0.9091 Tf
6.714.68008 Td
[(,)2],)-26330011]TJ
/R207 7.97011 Tf
5.641 412 Td8008 Td
[(2)4.03117]TJ
/R103 787091 Tf
1 0 4.68008 Td
[(,)2]q)4/R86 1.12 Tf
10.91 -1 255 229 l69.9 42(|)Tj
/R94 0.12 Tf
10.9199 0 Td
(V)Tj
/R99 0.12 Tf
10.9199 0 Td
(Ç)Tj
/R50 10.9091 Tf
1 0 0 1 309.621 92.69 42(|)T[(TJ
ET
Q
q
446.988 216011 T.746.988 21741984983.84 21350 T565h
094 21350 T565h
8.348 21850 T565h
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0.603516 0.243896 0.243896 RG
428.16 216511 6431.m.16 2165110.c83.484 21761106 21.719 21551106 21.1.953 21761106 21.777 2159110.c83.477 215911 6431.7.277 215911 T.21.953 215511 023.719 215511 023.3.484 215511 023.76 216511 T.21.96 216511 6431.S
0.660156 0.295898 0.295898 RG
425.121 216611 64725.121 2170110.c01.563 21741984967.18 21741984967.2.797 21741984967.138 2161110.c01.538 216111 64729.238 216111 2432.797 215811 8476.18 217419 8476.1.563 215811 8476.121 216611 2432.721 216611 6472S
0.71875 0.3479 0.3479 RG
422.082 216611 7423.m.082 21661180411.845 2161118418.641 2161118418.3.637 2172118418.649 21721180411.84 2216411 7c
421.54 2216411 4411.847 2172117 412.791 2161117 412.9.645 2161117 412.782 216611 4411.882 216611 7423.S
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S
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3105 0 10 0 0 cm BT
/R11 7912 Tf
1 0 0 -1 154.3 4461590 4408.|)Tj
/R63 0812 Tf
10.9199 0 Td
(¥)Tj±/R63 0.12 Tf
10.9199 0 Td
(~)Tj
/R103 0112 Tf
10.9199 0 Td
(Ç)Tjj
/R50 1012 Tf
10.9199 0 Td
(•)Tj
/R86 1.12 Tf
10.9199 0 Td
(©)Tj˜/R254 .12 Tf
10.9199 0 Td
(‘)Tj£/R107 0.12 Tf
10.9199 0 Td
(Ä)Tj
/R85 0.12 Tf
10.9199 0 Td
(©)Tjξ/R50 10.9091 Tf
1 0 0 1 234.628 252.0 4408.|Ä�



 

P pX “ k1, Y “ k2q “ Ck1
n Ck2

n´k1
pk1
1
pk2
2
pn´k1´k2
3

.

X �>Æ©Ù:

P pX “ k1q “
n´k1
ÿ

k2“0

Ck1
n Ck2

n´k1
pk1
1
pk2
2
pn´k1´k2
3

“Ck1
n pk1

1
p1 ´ p1qn´k1 .

Y �^�©Ù: �½k1,

P pY “ k2|X “ k1q “ P pX “ k1, Y “ k2q
P pX “ k1q “ ‹‹

˚˚

“ Ck2
n´k1

ˆ

p2

p2 ` p3

˙k2
ˆ

p3

p2 ` p3

˙k3

, k2 “ 0, 1, ¨ ¨ ¨ , n ´ k1.5VÇÚOA6Ç���¡ ��ö: ÙE
!Ü�



 

2. ëY.�/



 

½n2.1. eξ “ pX,Y q ´ëY., KX,Y Ñ´ëY., �
pXpxq “

ż 8

´8
pX,Y px, yqdy, pY pyq “

ż 8

´8
pX,Y px, yqdx.¡pXp¨q �pY p¨q Ǒξ �>Æ�Ý.�½y, ÷vpY pyq ą 0. ¡('ux �¼ê)

pX|Y px|yq :“ ppx, yq
pY pyq , x P RǑ3Y “ y �^�e, X �^��Ý. (7.5)éÜ�Ýô >Æ�Ý!^��Ý.5VÇÚOA6Ç���¡ ��ö: ÙE
!Ü�



 

½Â2.5. b�G ´R
2 ¥¡ÈǑa �«�. e

P pξ P Aq “ A�¡È
G�¡È , @f«�A,K¡ξ ÑlG þ�þ!©Ù, PǑξ „ UpGq.éÜ�Ý: ppx, yq “ 1

a
, px, yq P G.>Æ�Ý:

pXpxq “ |G2,x|
a

, x P G1,Ù¥, G2,x :“ ty : px, yq P Gu, |G2,x| ǑÙo�Ý;

G1 “ tx : |G2,x| ą 0u.

 

^��Ý: pY |Xpy|xq “ 1

|G2,x| , y P G2,x.

pY |Xpy|xq Ò´�½x, òppx, yq ÀǑy �¼ê8�z,

pY |Xpy|xq “ 1

pXpxqppx, yq.5VÇÚOA6Ç���¡ ��ö: ÙE
!Ü�



 

~2.7. G Ǒdy “ x2 Úy “ x ¤�¤�k�«�. ξ „ UpGq.�: ξ �éÜ�Ý�>Æ�Ý.

G �¡È: a “
ş

1

0
xdx ´

ş

1

0
x2dx “ 1

6
.éÜ�Ý: ppx, yq “ 6, px, yq P G.>Æ�Ý:

pXpxq “
ş8

´8 ppx, yqdy “
şx

x2 6dy “ 6px ´ x2q, 0 ă x ă 1.

pY pyq “
ş8

´8 ppx, yqdx “
ş

?
y

y
6dx “ 6p?

y ´ yq, 0 ă y ă 1.^��Ý: �½y P p0, 1q,

pX|Y px|yq “ 1?
y´y

,
?
y ď x ď y.5: X, Y Ñ�Hp0, 1q, �ξ ØU�Hp0, 1q ˆ p0, 1q.5VÇÚOA6Ç���¡ ��ö: ÙE
!Ü�



 

½Â2.6, ~2.8 & ~7.5. eξ “ pX,Y q �éÜ�Ýppx, yq kXeL�ª, K¡ξ Ñl��(�)��©Ù.

1

2πσ1σ2
a

1 ´ ρ2
exp

"

´u2 ` v2 ´ 2ρuv

2p1 ´ ρ2q

*

,Ù¥,

u “ x ´ µ1

σ1
, v “ y ´ µ2

σ2
,k5 �ëê: µ1, µ2 P R,

σ1, σ2 ą 0,

ρ P p´1, 1q.

5VÇÚOA6Ç���¡ ��ö: ÙE
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éÜ�Ý: u “ x´µ1

σ1
, v “ y´µ2

σ2
,

1

2πσ1σ2
a

1 ´ ρ2
exp

"

´u2 ` v2 ´ 2ρuv

2p1 ´ ρ2q

*

.>Æ�Ý: X „ Npµ1, σ
2
1
q, Y „ Npµ2, σ2q2. ~X,

pXpxq “
ż 8

´8
ppx, yqdy

“
ż 8

´8

1

2πσ1
a

1 ´ ρ2
exp

"

´pv ´ 2ρuq2 ` p1 ´ ρ2qu2
2p1 ´ ρ2q

*

dv

“ 1

2πσ1
a

1 ´ ρ2
e

´ p1´ρ
2qu2

2p1´ρ2q

ż 8

´8
exp

"

´pv ´ 2ρuq2
2p1 ´ ρ2q

*

dv

“ 1

2πσ1
a

1 ´ ρ2
e´ 1

2
u2

a

2πp1 ´ ρ2q “ 1?
2πσ1

e
´ px´µ1q2

2σ2
1 .5VÇÚOA6Ç���¡ ��ö: ÙE
!Ü�



 

éÜ�Ý: u “ x´µ1

σ1
, v “ y´µ2

σ2
,

C exp

"

´u2 ` v2 ´ 2ρuv

2p1 ´ ρ2q

*

“ 1

2πσ1σ2
a

1 ´ ρ2
exp

"

´pv ´ 2ρuq2 ` p1 ´ ρ2qu2
2p1 ´ ρ2q

*

.>Æ�Ý: pXpxq “ 1?
2πσ1

e
´ p1´ρ

2qu2

2p1´ρ2q .^��Ý:

pY |Xpy|xq “ ppx, yq
pXpxq “ 1?

2πσ2
a

1 ´ ρ2
exp

"

´pv ´ 2ρuq2
2p1 ´ ρ2q

*

.,):

pY |Xpy|xq “ 1

pXpxqppx, yq “ Ĉ exp

#

´
py´µ1

σ2
´ 2ρuq2

2p1 ´ ρ2q

+

.5VÇÚOA6Ç���¡ ��ö: ÙE
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~2.9. ξ “ pX,Y q �η “ pU, V q ©OkéÜ�Ý
ppx, yq “ 1

2π
e´x

2`y
2

2 , qpu, vq “ 2ppu, vq, uv ą 0.

ξ Ñl����©Ù, X,Y „ Np0, 1q, ρ “ 0.

η ØÑl����©Ù.�U, V „ Np0, 1q. ~X, @u ą 0,

pUpuq “
ż 8

´8
qpu, vqdv “

ż 8

0

2ppu, vqdv

“
ż 8

0

1

π
e´u

2`v
2

2 dv “ 1

π
e´u

2

2

ż 8

0

e´ v
2

2 dv

“ 1

π
e´u

2

2 ˆ 1

2

?
2π “ 1?

2π
e´u

2

2 .5: U, V Ñ´��Cþ, ØUíÑpU, V q ´�����þ.5VÇÚOA6Ç���¡ ��ö: ÙE
!Ü�



 

3. ���/½Â2.7. ¡F px, yq “ P pX ď x, Y ď yq ǑpX,Y q �éÜ©Ù¼ê, ǑPǑFX,Y px, yq.éÜ©Ù¼ê�5�: /üN0!/5�0!mëY,

F px2, y2q ´ F px1, y2q ´ F px2, y1q ` F px1, y1q ě 0;

lim
xÑ´8

F px, yq “ lim
yÑ´8

F px, yq “ 0, lim
x,yÑ8

F px, yq “ 1.ëY.�þ:

F px, yq “
ż x

´8

ż y

´8
ppu, vqdvdu ñ ppx, yq “ B2F

BxBy px, yq.5VÇÚOA6Ç���¡ ��ö: ÙE
!Ü�


