
 

1oÙ!ÎÒÿÝ

x4.1 ÎÒÿÝ

pX;F q ´�ÿ�m. ïÄé�:

’pAq :“

ż

A
fd�; @A P F :

ef �È©�3, K’ ÷v���\5.

½Â4.1.1. e’ : F Ñ R ÷v���\5�’pHq “ 0, K

¡’ èÎÒÿÝ. e|’pAq| ă 8, @A P F , K¡’ ´k��.

eDX �y©tAnu ¦|’pAnq| ă 8, @n, K¡’ ´� k��.

5: ’ äk�\5.

5ÿÝØ6Ç�é�¡ õ�ö: 4]!ÙE




 

·K (·K4.1.1)

�J�:

½ö ’pAq ă 8; @A P F ;

½ö ’pAq ą ´8; @A P F :

�y{: eDA;B ¦�’pAq “ 8, ’pBq “ ´8. K

AYB “ A`BzAñ ’pAYBq “ 8:

Ón, AYB “ B `AzB ñ ’pAYBq “ ´8:

gñ!

5: �½ ’pAq ą ´8, @A P F .

5: ±eob�’ ´ÎÒÿÝ, ¤k8ÜþP F .

5ÿÝØ6Ç�é�¡ õ�ö: 4]!ÙE




 

·K (·K4.1.2)

eA Ě B �|’pAq| ă 8, K|’pBq| ă 8.

A “ B `AzB.

e’pBq “ 8, K’pAq “ 8.

e’pBq “ ´8, K’pAq “ ´8.

5ÿÝØ6Ç�é�¡ õ�ö: 4]!ÙE




 

·K (·K4.1.3)

eA1; A2; ¨ ¨ ¨ üüØ��
ˇ

ˇ’
`
ř8
n�1An

˘ˇ

ˇ ă 8, K

8
ÿ

n�1

|’pAnq| ă 8:

-I “ tn : ’pAnq ą 0u, J “ tn : ’pAnq ă 0u;

B “
ÿ

nPI

An; C “
ÿ

nPJ

An:

B; C Ď A, �0 ď |’pBq|; |’pCq| ă 8.
ř

nPI |’pAnq| “ ’pBq,
ř

nPJ |’pAnq| “ |’pCq|.

5: e’
`
ř8
n�1An

˘

“ 8, K’pBq “ 8, ´8 ă ’pCq ď 0.
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x4.2 Hahn ©)ÚJordan ©)

�’ ´ÎÒÿÝ, ¤k8ÜþP F .

~, ’pAq “
ş

A fd�.

’pAq “

ż

AXtf¡0u
fd�`

ż

AXtf 0u
fd� “

ż

A
f�d�´

ż

A
f�d�:

eX �©�tX�; X�u ÷v:

’pAq ě 0; @A Ď X�; ’pAq ď 0; @A Ď X�;

K¡tX�; X�u è’ �Hahn ©).

e’�; ’� ´ÿÝ�

’ “ ’� ´ ’�,

K¡Tªè’ �Jordan ©).

5: e�; � èÿÝ, K�˘ � : A ÞÑ �pAq ˘ �pAq.

5ÿÝØ6Ç�é�¡ õ�ö: 4]!ÙE




 



 

Ún (Ún4.2.1)

e’pAq ă 8, K@" ą 0, DAε Ď A ¦�

’pAεq ě 0 � ’�pAzAεq ď ":

�y{: eD"0 ą 0 ¦�

� : @A0 Ď A; ½ö ’pA0q ă 0 ½ö ’�pAzA0q ą "0:

�A0 “ H, K’�pAq ą "0.

u´DB1 Ď A ¦’pB1q ą "0, d� �’�pA´B1q ą "0.

u´DB2 Ď A´B1 Ď A ¦’pB2q ą "0.

’pB1 `B2q ą 0, d� �’�
`

A´ pB1 `B2q
˘

ą "0 ¨ ¨ ¨ ¨ ¨ ¨

-B “
ř8
n�1Bn, K’pBq “

ř8
n�1 ’pBnq “ 8 ñ ’pAq “ 8.
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Ún (Ún4.2.2)

�’pAq ă 0, KDA0 Ď A ¦�

’pA0q ă 0 � ’�pA0q “ 0:

dÚn4.2.1, DC1 Ď A ¦’pC1q ě 0 �’�pAzC1q ď "1 :“ 1.

-A1 :“ A´ C1, K’pA1q ă 0, ’�pA1q ď "1 “ 1.

‹‹, A1 “ A2 ` C2, ’pC2q ě 0 �’�pA2q ď "2 :“ 1
2 . ¨ ¨ ¨

-C :“
ř8
n�1Cn. A0 “ A´ C “Ó lim

nÑ8
An.

’pA0q ă 0:

’pAq ă 0; ’pCq “
8
ÿ

n�1

’pCnqě 0:

’�pA0q “ 0:

0 ď ’�pA0q ď ’�pAnq ď "n “
1

n
Ñ 0:

5ÿÝØ6Ç�é�¡ õ�ö: 4]!ÙE




 

½n (½n4.2.3, Hahn ©))

Hahn©)�3��:

’pAq “ 0; @A Ď X�1 �X�2 “ X�1 �X�2 “ X�1 X
�
2 `X

�
1 X

�
2 :

(1)  yF� :“ tA : ’�pAq “ 0u ´� Ç.

(1.a) F� ��: H P F�;

(1.b) eA1; A2 P F�, KA1zA2 P F�:

0 ď ’�pA1zA2q ď ’�pA1q “ 0:

(1.c) eA1; A2; ¨ ¨ ¨ P F� üüØ�, K
ř8
n�1An P F�:

’pBq “
8
ÿ

n�1

’pB XAnq ď 0; @B Ď
8
ÿ

n�1

An:
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(2)  yHahn ©)�3: DX� ¦�

X� `X� “ X; ’pAX�q ě 0 ě ’pAX�q; @A:

Ø��(�½) ’pAq ą ´8, @A.

P� :“ inft’pAq : A P F�u. H P F� ñ � ď 0.

�tAnu P F� ¦’pAnq Ñ �. KX� :“
Ť8
n�1An P F�.

� “ ’pX�q ą ´8: X�zAn P F�,

’pX�q “’pAnq ` ’pX
�zAnq

ď’pAnq ` ’
�pX�zAnq “ ’pAnq Ñ �:

@A, ’pAX�q ď’�pAX�q ď ’�pX�q “ 0.

-X� “ X ´X�.  y’pAX�q ě 0, @A.
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-X� “ X ´X�.  y’pAX�q ě 0, @A.

�y{: b�DA Ď X� ¦’pAq ă 0.

DA0 Ď A ¦’pA0q ă 0, �’�pA0q “ 0, i.e. A0 P F�.

A0 `X
� P F�, �

’pA0 `X
�q “ ’pA0q ` ’pX

�q ă �:

�� �½Âgñ!
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 (3)  yéò5. �X�1 �X
�
2 Ñ´Hahn ©).

A Ď X�1 �X�2 “ X�1 XX
�
2 `X

�
2 XX

�
1 .

A1 “ AX ‹, K

A1 Ď X�1 ñ ’pA1q ě 0

A1 Ď X�2 ñ ’pA1q ď 0

+

ñ ’pA1q “ 0:

Ón, ’pAX ‹q “. l


’pAq “ ’pAX ‹q ` ’pAX ‹q “ 0:
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½n (½n4.2.4, Jordan ©))

Jordan©)�3��:

’ “ ’� ´ ’�; � ’� “ ’�; ’� “ p´’q�:

’� Ñ´ÿÝ, �Ø��(�½) ’� k�:

’�pAq “ ’pAXX�q; ’�pAq :“ ´’pAXX�q:

’pAq “ ’pAXX�q ` ’pAXX�q “ ’�pAq ´ ’�pAq.

’� ď ’�: @B Ď A, ’pBq ď ’�pBq ď ’�pAq.

’� ď ’�: AXX� Ď A.

p´’q� ď ’�: @B Ď A, ´’pBq ď ’�pBq ď ’�pAq.

’� ď p´’q�: AXX� Ď A.
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5: ’ “ �´ � ©)Øéò, ~: � “ ’� ` �, � “ ’� ` �.

5: ’� �| Ø�. e� ‰ 0 K’� ` � �| ��:

’ �þC�: ’�; eC�: ’�.

’ ��C�: |’| :“ ’� ` ’�.

Ún�: |’|pAq “ 0 i� ’pBq “ 0, @B Ď A.

ñ:

|’|pAq “ 0 ñ

#

’�pAq “ 0

|’|pBq “ 0
ñ ’�pBq “ 0 ñ ’pBq “ 0.

ð: P’ �Hahn ©)èX�, K

’pX� XAq “ 0 ñ ’�pAq “ 0 ñ |’|pAq “ 0:

5: |’pAq| ď |’|pAq. =�|’|pAq “ 0 �, A â�±��Ñ.
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½Â4.3.2. e@A P F ,

�pAq “ 0 ñ ’pAq “ 0;

K¡’ é� ýéëY, P�’ ! �.

5: ’ ! � i� ’� ! � i� |’| ! �..

�pAq “ 0 ñ �pAXX�q ñ ’�pAq “ ’pAXX�q “ 0:
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 y: e� ´� k���’ ! �, Kdϕ
dµ �3.

·K4:3:2 ·K4:3:3 ·K4:3:4 ½n4:3:5

’k� Ñ ’ �k� Ñ ’?¿

�k� Ñ � �k�:
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Ún (Ún4.3.1)

�’; � Ñ´k�ÿÝ. K

Df P L :“

"

g P L1 : g ě 0;

ż

A
gd� ď ’pAq; @A

*

¦�

ż

X
fd� “ � :“ sup

"
ż

X
gd� : g P L

*

:

5: Ïè’ k�, ¤±� ď ’pXq ă 8.

�g1; g2; ¨ ¨ ¨ P L ¦
ş

X gkd�Ñ �. -

fn :“ max
1⁄k⁄n

gk:
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fn Ò f :“ sup
k¥1

gk, K

ż

X
fd� “ lim

nÑ8

ż

X
fnd� ě lim

nÑ8

ż

X
gnd� “ �:

Bn,1 “ tfn “ g1u,

Bn,k “ tfn “ gk ą maxtg1; ¨ ¨ ¨ ; gk�1uu “ tfn “ gkuz
k�1
ď

i�1

tfn “ giu:

f P L : f ě 0, �

ż

A
fd�Ð

ż

A
fnd� “

n
ÿ

k�1

ż

AXBn;k

fnd� “
n
ÿ

k�1

ż

AXBn;k

gkd�

ď

n
ÿ

k�1

’pAXBn,kq “ ’pAq:
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·K (·K4.3.2)

�’; � Ñ´k�ÿÝ. e’ ! �, Kdϕ
dµ �3, �P L1.

f P L ñ � ´ÿÝ.  y� ” 0.

�pAq :“ ’pAq ´

ż

A
fd�; @A P F :

�n ´(Ò �)ÎÒÿÝ.

�npAq :“ �pAq ´
1

n
�pAq; @A P F :

P�n �Hahn ©)èX�n .  y�pX�q “ 0, Ù¥

X� “
8
ď

n�1

X�n ; X� “
8
č

n�1

X�n :

�pX�q “ 0: X� Ď X�n , �

0 ď �pX�q “ �npX
�q `

1

n
�pX�q ď

1

n
�pX�q Ñ 0:
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f ` 1
nIX`n P L :

ż

A

ˆ

f `
1

n
IX`n

˙

d� “’pAq ´ �pAq `
1

n
�pX�n XAq

ď’pAq´�pX�n XAq `
1

n
�pX�n XAq

“’pAq ´ �npX
�
n XAq ď ’pAq:

�pX�q “ 0:

ż

X

ˆ

f `
1

n
IX`n

˙

d� ď � “

ż

X
fd�ñ �pX�n q “ 0;@n:

’ ! �ñ ’pX�q “ 0, ��pX�q “ 0.
ş

X |f |d� “
ş

X fd� “ ’pXq ă 8, �dϕ
dµ P L1.
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·K (·K4.3.3)

�’ ´� k��ÎÒÿÝ, � ´k�ÿÝ. e’ ! �, Kdϕ
dµ �3,

dϕ
dµ ´�-a.e.k��, �È©�3.

�’ k�. K’� þèk�ÿÝ, �’� ! �. u´dϕ˘

dµ �3.

dϕ
dµ “

dϕ`

dµ ´
dϕ´

dµ :

’pAq “ ’�pAq ´ ’�pAq “

ż

A

d’�

d�
d�´

ż

A

d’�

d�
d�:

b�·K¤á. P’ �Hahn ©)X�, K

d’�

d�

ˇ

ˇ

ˇ

X´
“ 0;

d’�

d�

ˇ

ˇ

ˇ

X`
“ 0 ñ

ˆ

d’

d�

˙�

“
d’�

d�
:
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�’ ´� k��. X “
ř8
n�1An �|’pAnq| ă 8, @n ě 1.

3pAn; An XF q þ, R-N �êfn �3�a.e. k�.

fn :“
d’|AnXF

d�|AnXF
; = ’pAq “

ż

A
fnd�; @A Ď An:

-f “
ř8
n�1 fnIAn , Kf a.e. k�.

’pAXAnq “

ż

AXAn

fnd� “

ż

AXAn

fd�; @A:

f �È©�3: Ø��’� k�, �A “ tf ă 0u, K

’ptf ă 0uXAnq “ ´

ż

An

f�d�ñ

ż

X
f�d� “ ´’pf ă 0q ă 8:

� ’pAq “
ř8
n�1 ’pAXAnq “

ř8
n�1

ş

AXAn
fd� “

ş

A fd�.
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·K (·K4.3.4)

�’ ´ÎÒÿÝ, � ´k�ÿÝ. e’ ! �, Kdϕ
dµ 9ÙÈ©�3.

qe’ ´� k��, Kf ´�-a.e. k��.

(1)  yG ´� Ç.

G :“

#

8
ÿ

n�1

An : |’pAnq| ă 8; n “ 1; 2; ¨ ¨ ¨

+

:

H P G ; Ø�¿µ4; �µ4:

8
ÿ

n�1

Anz
8
ÿ

n�1

Bn “
8
ÿ

n�1

pAnzBq

Ù¥, AnzB Ď An �|’pAnzBq| ă 8.
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(2) DB P G ¦��pBq “ 
 :“ supt�pAq : A P G u.

� Bn P G ; �pBnq Ñ 
 P r0;8q; B “
8
ď

n�1

Bn P G =�:

(3) 3pB;B XF q þ, ’ ´� k��, � k�.

�R-N �êg “ dϕ|BXF

dµ|BXF
�3, ´�-a.e. k��, :

’pCq “

ż

C
gd�; @C Ď B: Ø��(U�½)

ż

B
g�d� ă 8:

(4) 3pBc; Bc XF q þ, @C Ď Bc,

�pCq “ 0 ñ ’pCq “ 0; p’ ! �q

�pCq ą 0 ñ ’pCq “ 8: pÄK B ` C P G � ‹&˚ gñq

u´, ’pCq “
ş

C 8d�, @C Ď Bc.
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(5) -f “ gIB `8IBc , Kf �È©�3:

ż

X
f�d� “

ż

B
g�d� ă 8:

@A,

’pAq “’pAXBq ` ’pAXBcq “

ż

AXB
gd�`

ż

AXBc
8d�

“

ż

AXB
fd�`

ż

AXBc
fd� “

ż

A
fd�:

�’ ´� k��, X P G ñ G “ F ñ ��B “ X, �

f
a.e.
“ g; a:e:k�:
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½n (½n4.3.5)

�’ ´ÎÒÿÝ, � ´� k��ÿÝ. e’ ! �, Kdϕ
dµ 9ÙÈ©�

3. qe’ ´� k��, Kf ´�-a.e. k��.

�tAnu ¦�X “
ř8
n�1An ��pAnq ă 8, @n.

3pAn; An XF q þ, R-N �êfn :“
dϕ|AnXF

dµ|AnXF
�3:

’pAq “

ż

A
fnd�; @A Ď An:

Ø��(U�½) ’pAq ą ´8, @A. �

ż

A
f�n d� ă 8; @n:
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-f “
ř8
n�1 fnIAn . Kf È©�3:

ż

X
f�d� “

8
ÿ

n�1

ż

An

f�d� “ ´
8
ÿ

n�1

ż

AnXtf 0u
fd�

“´

8
ÿ

n�1

ż

AnXtf 0u
fnd� “ ´

8
ÿ

n�1

’pAn X tf ă 0uq

“ ´ ’pf ă 0q ă 8: (dØ��/�½)

@A,

’pAq “
8
ÿ

n�1

’pAXAnq “
8
ÿ

n�1

ż

AXAn

fd� “

ż

A
fd�:

�’ ´� k��, 3An ¥fn ´�-a.e. k��, �f ´�-a.e.

k��.
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~1(� Ø´� k��). X “ R, F “ tA Ď X : A½Acñõ�êu.

-

�pAq “

#

#pAq; #pAq ă 8;

8; #pAq “ 8:

K� Ø´� k��!

-

’pAq “

#

0; eA ñõ�ê;

1; eAc ñõ�ê:

’ ! �:

�pAq “ 0 ñ A “ Hñ ’pAq “ 0:

f “ dϕ
dµ Ø�3. ÄK

0 “ ’ptxuq “

ż

txu
fd� “ fpxq ¨ �ptxuq “ fpxq; @xñ f ” 0:
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x4.4 Lebesgue ©)

�pX;F q ´�ÿ�m, ’; � Ñ´ÎÒÿÝ.

±e¯�!¼êþ�ÿ.

e’ ! |�| “ �� ` ��, K¡’ é� ýéëY, P�’ ! �.

5: ’ ! � i� |’| ! |�|.

y: ñ: ’ ! |�| ñ |’| ! |�|, X.

ð: |�|pAq “ 0 ñ |’|pAq “ 0 ñ |’pAq| ď 0.
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½Â4.4.1. eDN P F ¦�

|’|pN cq “ |�|pNq “ 0;

K¡’ �� �pÛÉ, Pè’K�.

Ún4.4.1. ’K� ��=�DN P F ¦�

’pAXN cq “ �pAXNq “ 0; @A:

y: dx4.2 /Ún�: |’|pAq “ 0 i� ’pBq “ 0, @B Ď A0, X.

Ún4.4.2. e’ ! � �’K�, K’ ” 0.

y: �N P F ¦�‹‹. u´, |’|pNq “ 0. �|’|pXq “ 0.
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Lebesgue ©): ’, � Ñ´� k��ÎÒÿÝ, K�3(éò

�ò|) � k��ÎÒÿÝ’c, ’s ¦�

’ “ ’c ` ’s; ’c ! �; ’sK�:

éò5�y²: é?¿÷v|�|pNq “ |’s|pN
cq “ 0 �N ,

’cpAq “ ’cpANq`’cpAN
cq “ ’cpAN

cq “ ’pAN cq; ’spAq “ ’pANq:

ekü«©), �N “ N1 YN2 =�.

y²^S:

·K4:4:3 ·K4:4:4 ½n4:4:5 íØ4:4:6

’ : f.m. Ñ � f.m. Ñ � f.s.m.

� : f.m. Ñ � f.m. Ñ � f.s.m.:

5ÿÝØ6Ç�é�¡ õ�ö: 4]!ÙE




 

·K (·K4.4.3)

�’; � Ñ´k��ÿÝ, K�3k�ÿÝ ’c; ’s ¦�:

’ “ ’c ` ’s; ’c ! �; ’sK�:

’ ! ’` �, �f :“ dϕ
dpϕ�µq �3, �0 ď f ď 1, (�-a.e.):

0 ď

ż

A
fdp’`�q “ ’pAq ď p’`�qpAq “

ż

A
1dp’`�q; @A:

‹‹: -N “ tf “ 1u,

’cpAq :“ ’pAXN cq; ’spAq :“ ’pAXNq:

5: ’s dN | , ’c ( y: ��) dN c “ t0 ď f ă 1u | .
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 N “ tf “ dϕ
dpϕ�µq “ 1u, N c “ t0 ď f ă 1u,

’cpAq :“ ’pAXN cq; ’spAq :“ ’pAXNq:

’sK�: ’spN
cq “ 0; ��pNq “ 0:

’pNq “

ż

N
fdp’` �q “

ż

N
1dp’` �q “ ’pNq ` �pNq:

’c ! �: e�pAq “ 0, K

ż

ANc

p1´fqdp’`�q “ �pAN cq “ 0 ñ ’cpAq ď p’`�qpAN
cq “ 0:
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·K (·K4.4.4)

�’; � Ñ´� k��ÿÝ, K�3� k��ÿÝ’c; ’s ¦�:

’ “ ’c ` ’s; ’c ! �; ’sK�.

½n (½n4.4.5, Lebesgue ©))

�’ ´� k��ÎÒÿÝ, � ´� k��ÿÝ.

K�3����é � k��ÎÒÿÝ’c; ’s ¦�‹.

íØ (íØ4.4.6)

�’; � Ñ´� k��ÎÒÿÝ, K�3����é� k��ÎÒ

ÿÝ’c; ’s ¦�‹.
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~. ©Ù�ëÅCþ�©Ù.

�� ´pR;BRq þ�VÇ©Ù, � ´Lebesgue ÿÝ.

e� ! �, K¡� èëY., ¡dµ
dλ è� �(VÇ©Ù)�Ý.

e�ptxuq ą 0, K¡x è� ��f. � k�ñ D �ê,

D “ Dµ :“ tx P R : �ptxuq ą 0u ; P D “ txn; n ě 1u:

e�pDq “ 1, K¡� èlÑ., Ppn “ �ptxnuq, @n.

¡tpxn; pnq; n ě 1u è� �(VÇ)©Ù�.

e�K� ��ptxuq “ 0, @x P R, K¡� èÛÉ..
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� ´k�ÿÝ, � ´� k��ÿÝ.

� 'u� �Lebesgue ©):

� “ �c ` �s; �1 :“ �c ! �; �sK�:

� �¤k�f|¤�ê8D. -

�2pAq :“ �spAXDq; �3 :“ �s ´ �2:



 -�i :“ �ipRq, i “ 1; 2; 3. K

�1; �2; �3 ě 0; �1 ` �2 ` �3 “ 1:

e�i “ 1, K� “ �i. d�� èëY./lÑ./ÛÉ..

e�i ą 0, K�ò�i 8òzè©Ù, ~�i :“ 1
αi
�i.

e�i “ 0, K?�ò�Óa.©Ù�è~�i.

�3�1; �2; �3, ëY.©Ù~�1, lÑ.©Ù~�2, ÛÉ.©Ù~�3

¦�: ‹‹ �

� “ �1 ~�1 ` �2 ~�2 ` �3 ~�3:

5ÿÝØ6Ç�é�¡ õ�ö: 4]!ÙE




 

�pX;F ; P q èVÇ�m, � èëÅCþ.

� �©Ù: � “ �ξ “ P ˝ ��1.

e�1 “ 1, K�ξ èëY., d�¡� èëY.r.v.,

¡�ξ ��Ý
dµ�
dλ è� �(VÇ©Ù)�Ý.

e�2 “ 1, K�ξ èlÑ., d�¡� èlÑ.r.v.,

¡�ξ �©Ù�è� �©Ù�.

e�3 “ 1, K�ξ èÛÉ., d�¡� èÛÉ.r.v..
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ëY.r.v. ¼ê�Ï":

� : pX;F ; P q Ñ pR;BRq, g : pR;BRq Ðâ, K

Egp�q “

ż

X
g ˝ �dP “

ż

R
gd�ξ “

ż

R
g

d�ξ
d�

d�

“

ż

R
g ¨ pξd� “

ż 8

�8

gpxqpξpxqdx:

5ÿÝØ6Ç�é�¡ õ�ö: 4]!ÙE




 

x4.5 ^�Ï"Ú^�VÇ

�p
;F ; P q ´VÇ�m.

�G ´F �f� ìê:

G Ď F �G ´� ìê:

±e, ¯�!¼êÑ'uF �ÿ, 8ÜXÑ´F �f� ìê.
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^�Ï"�½Â

½Â4.5.1. b�f �È©�3. ¡÷ve�(1), (2) �f� èf

'uG �^�Ï", PèEpf |G q.

(1) f˚ ´p
;G ; P q þÈ©�3��ÿ¼ê;

(2) @A P G ,

Ef˚IA “ EfIA; =

ż

A

f˚dP “

ż

A

fdP:

5: Epf |G q �3, çòx3p
;G ; P q ¥a.s. ���r.v..
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^�Ï"�5ü

�tAt; t P T u Ď F . e@n ě 2, tt1; ¨ ¨ ¨ ; tnu Ď T ,

P

˜

n
č

k�1

Ati

¸

“

n
ź

k�1

P pAtkq ;

K¡tAt; t P T u �pÕá.

�Et Ď F , @t P T . e?�At P Et, t P T , oktAt; t P T u �

pÕá, K¡tEt; t P T u �pÕá.

�tft; t P T u ´ëÅCþx. et�pftq; t P T u �pÕá, K

¡tft; t P T u �pÕá.

Ún4.5.1. �f ´È©�3�r.v.. ef �E �pÕá(=,

�pfq �E �pÕá), K

EpfIAq “ pEfq ¨ P pAq:
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½n (½n4.5.2)

�f; g ´È©�3�r.v., G ;G0 ´F �f� �ê.

(1) (�ÿ5) ef P G , KEpf |G q
a.s.
“ f . Esp, Epa|G q

a.s.
“ a.

(2) (Õá5) ef ÜG Õá, KEpf |G q
a.s.
“ Ef .

Esp, ��G “ tH;
u.

(3) (­^�Ï"úª) eG Ď G0, K

E pEpf |G q|G0q
a.s.
“ Epf |G q

a.s.
“ E pEpf |G0q|G q :

(4) (üN5) ef
a.s.
ď g, KEpf |G q

a.s.
ď Epg|G q. Esp, g “ |f |.

(5) (�5) @a; b P R, eaEf ` bEg k¿Â, K

Epaf ` bg|G q
a.s.
“ aEpf |G q ` bEpg|G q:
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½n (½n4.5.2)

�f; g ´È©�3�r.v., G ;G0 ´F �f� �ê.

(1) (�ÿ5) ef P G , KEpf |G q
a.s.
“ f . Esp, Epa|G q

a.s.
“ a.

(2) (Õá5) ef ÜG Õá, KEpf |G q
a.s.
“ Ef . Esp, tH;
u.

(1) �ÿ5: X. f� :“ f P G .

rN: a.s. J9�"ÿ8P G .

(2) Õá5: f� :“ Ef P G , �@A P G ,

EfIA “ pEfqP pAq “ Ef�IA:

AO/, f �tH;
u Õá, �

Epf |tH;
uq
a.s.
“ Ef:
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½n (½n4.5.2)

�f; g ´È©�3�r.v., G ;G0 ´F �f� �ê.

(3) (­^�Ï"úª) eG Ď G0, K

E pEpf |G q|G0q
a.s.
“ Epf |G q

a.s.
“ E pEpf |G0q|G q :

(3) ­^�Ï"úª: Pf� :“ Epf |G q, Kf� P G .

ò�¡,

G Ď G0 ñ f� P G0 ñ Epf�|G0q
a.s.
“ f�;

,ò�¡, Pf̂ :“ Epf |G0q, K@A P G ,

Ef�IA “ EfIA
APG0
“ Ef̂IA;

�f� “ Epf̂ |G q.
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 ½n (½n4.5.2)

�f; g ´È©�3�r.v., G ;G0 ´F �f� �ê.

(4) (üN5) ef
a.s.
ď g, KEpf |G q

a.s.
ď Epg|G q. Esp, g “ |f |.

(4) üN5: @A P G ,

Ef�IA “ EfIA ď EgIA “ Eg�IA:

P ´� k��(VÇÿÝ), �f� ď g� (3p
;G ; P q ¥) a.s..

(SKn!4)
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½n (½n4.5.2)

�f; g ´È©�3�r.v., G ;G0 ´F �f� �ê.

(5) (�5) @a; b P R, eaEf ` bEg k¿Â, K

Epaf ` bg|G q
a.s.
“ aEpf |G q ` bEpg|G q:

(5) �5: e‹ k¿Â, Kh “ af ` bg (a.s.k¿Â�)È©�

3, �h� :“ Epaf ` bg|G q �3.

Pf� :“ Epf |G q, g� :“ Epg|G q, KaEf�` bEg� “ aEf ` bEg

k¿Â, �ĥ :“ af� ` bg� (a.s.k¿Â�)È©�3.

ĥ “ h� a.s.: ĥ P G , �@A P G ,

EĥIA “ aEf�IA ` bEg
�IA “ aEfIA ` bEgIA “ EhIA:

8B: Ef `Eg `Eh k¿Âñ pf ` g ` hq�
a.s.
“ f� ` g� ` h�.
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(1)üNÂñ½n: e0 ď fn Ò f a.s., K

f�n :“ Epfn|G q P G , �K�Ò a.s..

Pf̂ “Ò lim
nÑ8

f�n , Kf̂ P G .

f̂ “ f� :“ Epf |G q: @A P G ,

Ef̂IA “Ò lim
nÑ8

Ef�nIA “Ò lim
nÑ8

EfnIA “ EfIA:

(2) Fatou Ún. efn ě 0 a.s., @n, K

gn :“ inf
m¥n

fm Ò lim inf
nÑ8

fn “: f ñ g�n Ò f
�:

gn ď fn ñ g�n ď f�n ñ f� ď lim inf
nÑ8

f�n a.s..

(3) Lebesgue �õÂñ, Ñ.
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½n (½n4.5.4, ^�Ï"��5)

�f; g ´r.v., f; fg �È©�3, g P G Ď F . K

Epfg|G q “ gEpf |G q a:s::

�f; g ě 0. ég ^;.�{.

Pf� “ Epf |G q. �g “ IA, Ù¥A P G . ‹‹ ¤á: IAf
� P G ,

E
``

IAf
�
˘

ˆ IB
˘

“ E
`

Epf |G qIAB
˘

ABPG
“ EfIAB “ E

`

pfIAq ˆ IB
˘

; @B P G :

g “ IA Ñ g ě 0: ^�Ï"��5!üNÂñ½n.
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�Kf; g ě 0 �b�. Uf; g �ÎÒy©
,


1 “ tf; g ě 0u; 
2 “ tf; g ă 0u; 
3;
4:

fg �È©�3, �pfgqi “ fgIΩi È©Ñ�3��Ú.

d^�Ï"��5, Epfg|G q “
ř

i Eppfgqi|G q.

Eppfgqi|G q:

pfgq�1 “ pf
�g�q� “ g�pf�q�;

pfgq�3 “ p´f
�g�q� “ ´pf�g�q� “ ´g�pf�q�;

ñpfgq� “ g�pf�q� ` g�pf�q� ´ g�pf�q� ´ g�pf�q� “ gf�:
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^�©ÙL p�|� “ xq.

b��; � èp
;F ; P q þ�ü�ëÅ�.

� : p
;F ; P q Ñ pX;FX ; �ξq, G “ �p�q Ď F .

� : p
;F ; P q Ñ pY;FY ; �ηq.

��p“ hp�qq èëÅCþ, Ï"�3.

P�� “ Ep�|�q :“ Ep�|G q.

K�� P G . d½n1.5.4, D’ : pX;FXq Ñ pR;BRq ¦�

�� “ ’p�q; P -a.s.:

½Â4.5.3. ¡÷v‹ �’p¨q è� 'u� ��½ä�^�Ï".

PèEp�|�qCqCC



 

½Â4.5.4 e��¼ê

�xpBq “ �px;Bq; x P X;B P FY

÷v:

(1) @x P X, �x ´FY þ�©Ù,

(2) @B P FY , �p¨; Bq “ P p� P B|� “ xq, �ξ-a.s.. =

EItηPBuItξPAu “ E�p�;BqItξPAu;

K¡§è� 'u� ��½ä��K^�©Ù, Pè�η|ξp¨; ¨q.

5: VÇØ¥Pè�η|ξpB|xq.
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b�� : p
;F ; P q Ñ pR;BRq ´�ÅCþ.

íØ4.5.8.
::
�

::::::
'u�

:::::::::::::::::::::::::
��½ä��K^�©Ù

::::::::
�η|ξp¨; ¨q �3,

�^�Ï"= é�K^�©Ù¦Ï": @ Borel ¼êh,

E php�q|� “ xq “

ż

R
hpyq�η|ξpx; dyq �ξ-a:s::

{P�xpBq :“ �η|ξpx;Bq, x P X, B P BR.

‹‹�y²: -’pxq :“ RHS. =y’p�q “ Ephp�q|�q. I�y:

p1q’ : pX;FXq Ñ pR;BRq; p2q Ehp�qItξPAu “ E’p�qItξPAu:

::
‹‹: þªéh “ IB ¤á.

::
‹‹ ñ ‹‹, =IB Ñ ?¿h, ;.�{X.
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íØ4.5.8.¥�35�y²:

8I: �xpBq “ �η|ξpx;Bq, x P X, B P BR �3.

�{: éÑéA�©Ù¼êFxpyq “ �xpp´8; ysq.

½Â4.5.2�. e��¼ê

F px; yq; x P X; y P R

÷v

(1) @x P X, F px; ¨q ´©Ù¼ê,

(2) @y P R, F px; yq “ P p� ď y|� “ xq, �ξ-a.s.. =

EItη⁄yuItξPAu “ EF p�; yqItξPAu;

K¡§è� 'u� ��½ä��K^�©Ù¼ê, Fη|ξp¨; ¨q.
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½n (½n4.5.6�)

� 'u� ��½���K^�©Ù¼êFη|ξp¨; ¨q �3.

F px; ¨q ´©Ù¼ê, �F px; yq “ P p� ď y|� “ xq, �ξ-a.s..

@r P Q, �’r : pX;FXq Ñ pR;BRq ¦�

’px; rq :“ ’rpxq “ P p� ď r|� “ xq; �ξ-a:s::

��X ˆQ þ�¼ê’p¨; ¨q.

£�©Ù¼ê�n^5ü: üN!mëY!5�.

-N “ N1 YN2 YN3, KN P FX ��ξpNq “ 0. Ù¥,

N1 :“tx P X : D r1; r2 P Q; r1 ď r2 ¦� ’px; r1q ą ’px; r2qu;

N2 :“tx P X : Dr P Q ¦� lim
nÑ8

’px; r `
1

n
q ‰ ’px; rqu;

N3 :“tx P X : lim
nÑ8

’px; nq ‰ 1 ½ lim
nÑ8

’px;´nq ‰ 0u:
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�½x R N . ’px; ¨q : QÑ R ÷vüN!mëY!5�.

�½x R N .

Ff |G px; yq :“ inft’px; rq : r P Q; r ą yu:

@x P N , Ff |G px; yq :“ F pyq, è?��ò�©Ù¼ê.

(1) �½x P X.  yFη|ξpx; ¨q ´©Ù¼ê. X. (SKo!24)

(2) �½y P R. Fη|ξpx; yq “ lim
rPQ,rÓy

’px; rq, @x R N , �

Fη|ξp¨; yq
µ�-a.s.
“ lim

rPQ,rÓy
’p¨; rq “ lim

rPQ,rÓy
P p� ď r|�q

“ lim
rPQ,rÓy

EpItη⁄ru|�q “ EpItη⁄yu|�q “ P p� ď y|�q:

5: aq/, � èëÅ�þ=�.

5ÿÝØ6Ç�é�¡ õ�ö: 4]!ÙE



