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Abstract

Thes imaionofa eg a&sionf ncionk ke nelme hodfo longi, dinalo f ncionaldaai con ide ed.
In he con e of longi, dinal da a anals s, a andom f ncion picall ep & ens as, bjec ha § of en
ob ey eda as mall p mbe of ime poinsy, hilein hes, dia of f ncionaldaa he andom ealiza ion i
sy alg, mea, edonadenegid Hy ¢ e,aseniall hesame me hod can be applied o bo hs ampling
plas Jay ella inap mbe ofs e ing | ingbg, een hem.In hi pape gene al &, Is aede { edfo he
a mpoicdi ib ion of eal—\, al edf'nciony, ihag mensy hichaef ncionak fo medgy, eighed
4 'e age of longi dinal o f ncional daa. A mpoicds i ios fo hea imaos of hé mean and
cq a iance f ncion ob ained f om noi, ol el aiony ih he p & ence of; ihing, bjec co elaionae
s, died. Tha ea  mp o icno mali,, &, is a ecompa able o ha es anda d a & ob ainedf omindependen
daay hich s iljs aedinasim laions q .Beids, hi pape digssa he condiion asociaed
w 1hsampling plan y, hichae eq iedfo he alidiy of local p ope ia of ke nel-ba ed @ ima os fo
longi, dinal o { nc ional da a.
s 2006 Ek & ie Inc. All ighs @ ey ed.
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1. Introduction

Mode n echnolog  and aq, anced comp, ingen, i onmens hg e facilia ed he collec ion and
anal s 5 of high-dimen ional daa,o daa ha ae epeaed| mea, edfo asample ofs; bjecs .
The epea edmea;, emens a eof en eco dedq, e ape iodof imes g onancla edandbg nded
ine, al T.1 ako cq ld be as pacial a iable,s, cha inimage o gea cience applica iom .
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When hedaaae eco dedden e, Qe ime, of ents machine, hes ae plcalg e medf nc-
ionalo ¢ edag ihoneob e, ed ¢ y €0 f ncionpe s, bjecy " hile 1n longlu dinals | dis
he epea ed mea,; emens s, é ake place onafg sca eedoh e aional imepoins fo each
sy biec . As ignifican in in icdiffe encebg; eeny ose ing lia in hepe cep ion ha § nc ional
daaae ol:.g ey edin .he con.u&u ng, i hca nok e.[2,3]w he eg longlu dinal da aa e oy c?\, eda
spasel di ih ed imepoins anda eof ens, bjec oepe imenale o [4]. Hp § €, inp ac-
iceg ncionaldaaae anag, zed af e s moo hing noi, ob ey a ion [10}, hichindicag ha he
diffe ence bg, eeny, odaa ps elaed o hg g g hichap oblemi pe cej, edacag abl
mo e concep,, al hanag al. 'i“he efo ein hs pape , ke nel-ba ed eg asiong ima os ob ainéd
f om ok e, a ion a dicee ime poins conaminaedy, ih mea, emen ¢ Os, a he han
ol ey a ions in he con it&u m,a econ ide edfo he e eali ic ea o . In he con ex. of ke nel-
ba ed nonpa ame ic eg as ion, he effecs ofs ampling plan on hes a& icale@ imaos aeako
in & igaed.

Ay a liea eha been dg eloped in he pa decade on he ke nel-ba ed eg &s ion fo
independen and iden icall, ds ila ed da a, fo s, mmay s ee Fan and Gijbek [5]. The e ha
beensu b anial ecen iné 8 ine ending he & s ing & mp oic &, 1s of ncionalo lon-

gi, dinal da a [8,11,14,13,9]. The ks, & cgs edlé1 hg, i 1n bjec co elaionae igo gs g
add @s ed in hi pape. Ha and Weh [8]s,, died he Gag e M lle @ imao of he medn
S nc ion fo epeaed mea,; emens Ob e\ ed on aeglag idh, &g, mings a iona_ co ela-
ions |, ¢, e andshg ed ha heinf} ence of hg ihing, bjec co elaionon he & mpoic
y aiance 5 ofs malle o de compaed o hes andad ae ob ained f om independen “da a and

w il di appeay, hen heco elaionf ncioni diffe eniablea ze 0.Q, a ,mpoicds il ion

@, ! 3 infac cons eny ih ha in Ha and Weh | [8] and applicabfe fo gene al cq a i-
ances |, G, Gy ih(Bl s aiona, &g, mp ion. Thi p oblem, a ako di 6 ss ed i S any, ali
and Lee [12] and Lin and Ca”oll [9],, hee h u ed he h% ica § mens of he local
p ope ., of local pog nomial & imaion and in, T{ e| ignoed hg; ihing, bjec co elaion

w hile ae ~ing he a_, mp o 10\ a iance . Thi pape de { & app op iaecondiions ha ae e-
g ied fo he alidiy of he local p ope | of ke nel | pe & ima os ob ained f om longi, di-
nal o f ncional daa. Tha e condi ion ai 0 p Q ide p acical g ideling fo | aigs s ampling
p oced @ .

The con iy ion of hi pape 5 he de | aion of gene al a, mp oic di i ion @, Is in
bo h one-dimen ional and,, o-dimen ionals moo hing con e. {0 eal—\, a& edg nc iony, iha-
g mensy, hicha e f ncionak fo med Ry, eighed 3 e age of longi, dinal o § nc ional da a.
Tha e a , mp o ic no mali_, 8, Is a e Compa able o ha e ob ained fo iden ical], di ila ed
and indépenden daa. Thée a s ae applied o he ke nel-ba ed & ima os of he mean and
cq aiance f nciony hichg ield 3, mp o ic no mal di ﬂi’l ion of ha ea imaos.Inpa ic-

ula, o heba ofg kng }ledge nd 3, mp o icdi i ion g ls aegq ailable, p odaefo
nonpa ame ic @ ima ion of cq, a iance’f nc ion ob ained f om longi, dinal o f nc ional da a
con aminaed, ih mea; emen e o.B compa s on, Hall e al. [6,7] ir{, 8 igaeda mpoic
p ope ia of nonpa ame ic ke nel @ ima os of § ocq aiancey, he e he mea; emensy ee
onl ol e edfomasingles aiona s ocha icp ocas o andom field. Alhg gh he a  mp-
oicdi iy iom aedejedfo andomdsignin hi pape, he a g mens can be e &nded
o fixed de ign and o he s ampling plan,, ih app op ia e modifica ion , and &, mp o ic bia
and\, a iance e my can ak o be ob ained ins imila manne . Thi,, ill p q ide heo €ical ba & and
p acical g idancefo henonpa ame icanalsi off ncionalo longi dinalda g ihimpo an
po en ial applica iony, hicha eba edon hea, mpoicds i ion .T pical exampls inc de

he con |, ¢ ion of 3y mp 0 ic confidence bancg fo eg asionf ncion’ and confidence egion
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fo cQ,a iance.su face , and ak o fa s elec ion of bangd id h fo cQ a iancesu face @ ima ion
ba edona, mp oicmeans g aede o.O he applicaion in hecon e ofs moo hing indepen-
den daacanbe e plo edfo hes moo hing of longi, dinal o f nc ional da ;s ing ke nel-ba ed
& imaos .

The emainde of hepape i o ganizeda follg .InSeciony ede | e hegene ala, mp o ic
di ih ion ofone-andy o-dimen ionals moo hes ob ainedf omlongi, dinalo f ncionaldaa
fo andom de ign. Tha e gene al 3, mp o ic @, Is aeapplied o common|  sed ke nel-  pe
@ ima os of he mean G ve and cq a iance‘gu face in Sec ion 3. . en ion o fix.ed da ign &
di ¢ ss edin Sec ion4. Asim laions, d 5 paened og a aec hedejeda mpoic g ls
fo co elaeddaainSecion5, hileds ¢ ssion ,incl ding po en ial applica ion of he &, 1ing
3, mp o ic no mali), , a e offe ed in Sec ion 6.

2. General results of asymptotic distributions for random design

In hi seciony g ill define gene al f ncionak ha ae ke nel; eighed 3 e ags of he
daa fo one-dimen ional andy, o-dimen ionals moo hing. The in od ced gene al f nc ionak
in¢] de he ma commoné], us ed | pa of ke nel-ba ed @ imaos & s pecial ca & ,s, ch a
Gase M lle & imao, Nada a, @ Wa on g ima o, local pog, nomial @ ima o, e c. Since
Nada 3, a Wa on and local pol nomial & imaos ae ma [ us ed in pacice, hei
&, mpoic behz*, ios in e m of bia andV a iance fo independen da a haV e been ho ) ghl,
sy died in ek ing lie a, e. Hy g€ fo longi, dinal o § ncional daa, pa ig la] in e&-
gad o cQ a iancesu face @ imaos, he a_, mpoic behE{, ios of bia and‘, a iance of ha e
w O common] s ed @ imaos aes ill lagel u nkng n. The efo e in Secion 3, he gen-
eal a, mpoic &, ls dg eloped in hs secion ae applied o Nada g4 a Wa on and local
pol, nomial & ima os in bo h one-dimen ional and,, o-dimen ionals moo hings e ing . In
pa’ig la, he lack of 8 mpoic &;ls fo he cq aiances, face & imaos of longi, di-
nal o tf] nc ional da a ¥~ an addi ional mo k aion fo he defini ion of heW o-dimemns ional
gene al f ncional ha can be applied o dg elop he 3y mpoic di i ios fo hae
@ imaos .

We fis con ide andomds igg, hilee. en ion 00 he s ampling plan & defe ed o Sec ion
4. In clas ical longiu dinal.gu dia ,mea; emens ae of enin ended obeona eg la ime g id.
Hg § € s ince ind'k, iq' ak ma, mis s cheq' ledV §1s, he 8, ling da 4,5 all, becomes pas e,

w hee ong, fe ob ejaion a eiob ained fo ma g, bJ'ecs w 1hy neg 2'11 B mbes 'of epea ed
mea,; emens pe s, bjec and diffe en mea, emen ima 7j; pe indj id al. Thi s ampling
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ya iance a2,

o
Yij = Xi(Tij) + & = p(Ti)) + Y Eaudp(Tyj) + aijs - Tij € T, (1
k=1

w heeEeg; =0,var(ej) = o2, and he 111] mbe of ol ey a ion , Nj(n) depending on hes ample
sizen, a e con ide ed andom. We make he follg ing as, mp ion ,

(A1.1) Thelﬁ mbe.(?fob; e\,aion N; (n) made fo heihsu bjec o cﬂl.s e,i=1,...,n,% a v

w 1hNi(n) 1"1v'd N(n)y, heeN(n)> 0% apai 1\ e in ege 1 al!' ed andom\, a iablg, ih
Hm%m%wEMMHWMMF<amMHmum%wEMm/HMMWMP<@1

In hes eq el he dependence of N;(n) and N (n) on hes amples izenk s, pp &s ed fo s impliciy ;
ie., N; = N;(n) and N(n) = N. The oy e,a ion ime and mea, emens ae as, med o be
independen of he lﬁ mbe of mea; emens, i.e., fo ats, Sy be J; C{l,...,N;}and fo all
i=1,...,n,

(A12) ({T;; : j € Ji}, {Yij : j € Ji}) & independen of N;.
Wiing T; = (Ti1,..., Tin)T and ¥; = (Yir, ..., Yin)T, i & ea, osee ha he ipls
{Ti, Yi, N,'} a eii.d..

2.1. Asymptotic normality of one-dimensional smoother

To as, me app op iae eg lai, condiion ha ag sed odejea mpoicpope igy ¢
define ang | pe of conip i)r, ha diffes fom ha g hich a e common|  sed. Wesg ha
a eal f ncion f(x,y) : W™ — i conig s onx € A € NP nifom] iny € R,
pqided ha fo an x € Aand¢ > 0, he e & s aneighbo hood of x no dépending on y,
s3, ing U(x) C E)tp,su ch ha |f(x’,y) — f(x,y)| <éefo allx’ € U(x)and y € RY.

Fo andomds ign, (T;;, Y;j)ae s, med ohq, e heiden ical ds ila iona (7,Y), ihjoin
den i, g(z,y). A5, me ha he ob e, a ion ime T;; aeiidy ih hema ginal dem i, f(2),

dépendence s allg ed among Y;; and Yj; ha aeob ey a ion made fo hes ames;, ?Jjec 0
Cﬂr‘ e.Abodenoe hejoin deni, of (Tj, Ty, Y;, Yi) b, ga2(t1, 12, y1, y2)yy hee j # k. Le
v, kbegjeninegesy 1h0<v < }c.We as, me eg laiy condiion fo hema ginal and join
den iia, f(¢), g(t,y), g2(t1, 12, y1, y2) and he meang nc ion of heu nde g ing p ocas X (1),
ie., E[X ()] = u(t), ih & pec oaneighbo hoodofaineio poin t € 7T, as, ming ha hee
ek s aneighbo hood U(r) of 75, ch ha:

(B1.1) %f(u) &k s and§ con i]il] Qs onu € U(t),and f(u) > 0fo u € U(¢);

(B1.2) g(u,y)s con ilﬁ Qs onu € U(t)u nifo mg, iny € N; %g(u, y)e&k s ands con ilEl Qs
onu € U(z‘)u nifo m|, iny € N;

@M)&M&mdmimm%wOMWMGU@%mmmngMMGm%

(B1.4) [;%,u(u) &k s andk con i]ﬂ1 Qs onu € U(t).

Le Kj(-) be nonnega { e, n'{, aiae ke nelg nc ion in one-dimen ionals moo hing. The & -
$g Mp ion fo kenek Kj: N — Naea follg s . Wes % ha a, n'k, aiaeke nelg nc ion K1 &
ofode (v,k),if

0, 0<l <k, L#v,
‘/#KNMduz (=D, L=y, 2)
#0, =k,
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(B2.1) Ky & compac] s, ppo ed, ||K| I = [ K#(u)du < oo;
(B2.2) K1 % akenel} ncionofode (v,¥¢).

Le b = b(n) be as eq ence of band idhk ha a €, ed in one-dimen ionals moo hing. We
dg elopa, mpois & n— oo,and eq ie
(B3) b > 0, n(EN)b'*! — oo, b(EN) — 0, and n(EN)b**! — d? fo some d, ih
0<d < 0.
One cQ Ids eein he p oof of Theo em 1 ha he &g, mp ion (B3) combined, i h(Al.l)p Q ide
he condiions, ch ha he local p ope | of ke nel-, pe & imaos hold fo longi, dinal o
nc ional da g, ih hep & ence of, 1h1nsu bjec co “ela ion.
Le {y;},=1,..1 beacollec ion of ealig ncion y, : R — Ny hichs a slg

(B4.1) x//k(t y)aeconua Qs on {t} nifo mg iny e N;
(B4.2) dtklp;(t y) &b s fo alla% mens (t,y) andaeconn& Qs on{t} nifo mg iny €N

Theg, e define he gene al; eighed g e ags

Z—T,'j
VYo = I’lENbH'l ZZW/L( lj9Yij)K1< b >, A=1,...,1

i=1 j=1
and
dV
Wy =) = ﬁ/wi(t,y)g(t,y)dy, A=1,...,1

Le
JIC;LZGKA(I)Z/.l//K(ta y)lp/l(ta y)g(ta }’)d}’”KIHZ, lg/’{a Kgla

and H : %" — 9% be ag nc ior, ihconip s fis ode dejajae.Wedenoe he g adien
yeco ((0H/dx1)(v), .. (6H/6x1)(v))Tt3 DH(v)and N = &” | Ni/n.

Theorem 1. If the assumptions (Al.1), (A1.2) and (B1.1) (B4.2) hold, then

VAN HW o ) — H(tys o )] —> NGB IDH (g )]

Z[DH(ﬂ],..,ﬂl)]), (3)
where
1
(—D*d 0H ak-v
p=t [y, ) ARG R I

/=1

Proof. I i s een ha N canbe eplaced, 1hEng S& IS Theo eny, nde (Al.1). Weng s hg
ha

VENDPTH(EY 1y, ..., E¥) — H(y, .o )] — B “)
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Since (Al.1) and (A1.2) hold, and K| ¥ of o de (v, k),uc ing Tes lo epam ion oo de k, one
ob ain

EY), = bH_l Z EN Z IPA(TW Yij)) Ky ( — >

1 o l—Tj
va—'rlENE Z E[WZ(TJ"Y])K]< b > N:|

Jj=1

1

t—T
ZWE {1//1(7", Y)Ky ( 5 )}

(—D* [ 4 dk ke K=y
=u; + I /u Ki(u)du = wy(t)b +o(0"7). 5)

Then (4) fol]@ s f om an /-dimen ional T% lo expanionof Hofode 1a Q nd (uq, ..., HI)T,
cQ pled, ih (5). I ecans hg

VR(ENDY [P, ..., )] —(EY, ..., E¥;,)T] 2 N(,Y), 6)

in analog, o Bha acha_a and M lle [1], and con i]il] i, of DHa (ug,..., ul)T and appl, -
ings imila a g mens s ed in (5),, e find DH(EW¥y,, ..., E¥Yy) — DH(uy, ..., ). Then
Cam Wold de‘, icey ield

VAENGFH Wiy, ..., Vi) — HEY, ..., E¥i)] —> N, DH(uy, ..o )"

ZDH(#], ...,,Ul)), (7)

combined, ih (4), leading o (3).
I emain os hg (6).Ob ey ing (Al.1) and (A1.2), one ha

n(EN)D> M cov(¥,,, ¥in)

- E i Z W, (T, YKy (

N (=T
2o (5]
k=1
T vk, (=1
)( J ]) 1( b )

1 N t — Ty
E [E\/ I; Ve (Tie, Yi) Ky ( 5 )}

=1—-1.

EN 1
N

-]
2l
uMz
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I ot{, i%,s ha Ih = O(b) = o(1) f om he de '{,aionof(S). Fo I;,i canbg, i ena

N
1 L (1—T;
Il:EE Ev;w}.(Tj’Yj)l//K(Tj’Yj)Kl( bj>

1 1 t—T; t—Yr
+EE N Z )Ty, Y, (Tx, Yi) K ( 5 ]> K ( b >
1< j#k<N

=01+ 0».
Appg, ing (A1.1) and (A1.2), one ha
_1gl ! NE T v (T v k2 (=) | v
QI—Z EVZ [lﬁ)( Js j)‘//;c( Js ]) 1( b > ]

Jj=1

= %E |:l///1(T, Y)W, (T, Y)K} (#)] = 0 +o(1).

Then (4), illhold,ob e ing(Al.l)and hefolly inga g men ha g aanea helocalp ope |
of he ke nel-ba ed & ima osy, ih hep & ence of; ihing, bjec co elaion in longj, dinal 0
§ ncional da a,

N

1 t—T; t — Ty
Or=—7+EFE E [!P;V(T', Y, (T, Yi) K ( j) K ( ) N]
bEN K};@ I b b
EN(N — 1 — T — T
=%E |:lﬁ,1(T1,Y1)l//K(T2,Y2)K1 (t 5 1)] K (t 5 2)

bEN(N — 1)

—/ Wit —ub, y),(t — vb, y2) K1 (1) K2(v)
Xga(t —ub,t —vb, y1, y2)dudvdy) dy;

__DEN(N — 1)

B EN

Le., hg, ihing, bjec co elaion canbeigno ed hilede i ing he 3, mp o ic, a iance. |

" Vot YO, (t, y2)82(t, t, y1, y2) dy1 dyz + o(b) = o(1),
%

2.2. Asymptotic normality of two-dimensional smoother

The gene al 3, mp oic &, 1 can be & ended oy o-dimen ionals moo hing. Le (v, k) de-
noe he m li-indicg v = (vi,v;) and k = (kl,kz)w he e |v| = vi + v2 and |k| = ki + k.
Iny, o-dimen ionals moo hing, mo e eg lai Inp ion a e needed fo join deniia .Le
f2(s, 1) be he join demi, of (T}, Ty), and)g4(s t,s', 1, y1, y2, yl, 2) he join den i 1) of
T, Ty, Ty, T, Y5, Y, Yii, Yir)y, hee j # k, (k) # (j’, k). Denoe he cqQ, alancesu -
face : C(s 1) = cov(X(T) X(T)I|Tj = s, T = t). The follg ing g 1a1 condiion ae
as, mied,, he e U(s, t) ¥ s ome neighbo hood of {(s, 1)},

(C1.1) il fr(u,v) &k s and conuﬁ Qs on (u,v) € U(s,t), and fo(u,v) > 0 fo

duF1 dvk2

(u,v) e U(s,1);
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(C1.2) go(u,v,y1,y2) % con ”ﬁ Qs on (u,v) € U(s, t) nifo mg in (y1, y2) € %2, %
g2(u, v, y1, y2) &is and 5 con uel Qs on (u,v) e U(s, t) nifo mg in (y1, y2) € N

(C1.3) ga(u,v,u’,v, yy, yz yl,yz) 5 con 1111'1 Qs on (u, v, u v’) e U(s, t)2 nifo mg in
(1, 2, ¥, ¥3) € 0

(C14) dukdl‘ﬁC(u, v)e.ks andk con ilel Qs on (u,v) e U(s,1).

Le K5 be nonnega K e bi\, aiaeke nel f ncion  sedin hey o-dimen ionals moo hing. The
&s, Mp ion fo ke nek Kraea follg s,

(C2.1) K2 ¥ compac ed.su ppo ed, ih K> |1? = fmz Kzz(u, v)dudv < 00, and ¥ s, mme ic

; . y
w 1h &pec ocoodinag uandv.
(C2.2) Ky ake nelg nc ion of o de (|v|, |k|), i.e.,
0, Ol < Ikl |7 # v,
[t ko v duav = { oM =, ®)
"2
Li+0=|l|
‘ #0, 1] = IKl.
Le h = h(n) be as eq ence of band idh us ed iny, o-dimen ionals moo hing,, hile i

b pasible ha heband idh sedfo oag mens mg be diffe en. Sincg, &, ill fogs
on hea imao of hecq aiances, face ha s, mme icabg he diagonal,i i, fficien o
con ide heiden icalband idh fo hey oa g mens. Thea .mp oig ¥ dq elopeda n — oo
a fOl]Q s

(C3) h — 0, nEN*h"+2 — oo, hEN® — 0, and nE[N(N — 1)JhZkI+2 5 2 fo ¢ ome
0<e < o0.

Simila o he one-dimen ionals moo hing ca e, 3‘u mp ion (C3) and (Al.1) g aanee he local
p ope  of hebj aiaeke nel-ba eda ima Osy ih hep & enceof, ihins, bjec co elaion.
24),1},1_ .1 beacollec ion of eal § ncion ¢, : N> M Ai=1,...,1s a'sg, ing

(C4.1) ¢,(s,t,y1,y2) aecon ilel Qs on {(s, t)} nifo mg in (y1, y2) € R
(C4.2) a ¢,(s, 1, y1, y2) e fo alla% mens (s,?, y1, y2) and a e con i in gs on {(s, 1)}

dskidif2
u nifo mg, in (y1, y2) € R2.

Then he gene af, eigh ed 4 ¢ age of . o-dimen ionals moo hing a e defined tS ,fo 1<K,

(D/ll’lzq)ln(t?s) [N(N 1)]h‘v|+2 Z Z ()b)( l]’ l]’ k)

i=1 1< j#k<N;
%K s lj’ ik .
h h

Le

av
my=ms,0)= Y m/%z $(s, 1, y1, y2)82(s, 1, y1, y2) dyrdyz,  1<A<I,
vi+va=|v| :
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and
2
Wy = W)(s, 1) = /2 Gic (s, t, y1, y2) (s, 1, y1, y2)82(s, 1, y1, y2)dy1dyz | K2 |7,
N

1<k, 1<,

and H : R — N ag nc iog, ihcon iIEl Qs fis ode de '{,ai,s a3 pg i%.s g defined.

Theorem 2. [f assumptions (Al.1), (A1.2) and (C1.1) (C4.2) hold, then

\/nN(]\_l — DR2VR2[H (D, ..., D) — H(my, ..., mp)]

2 NG, [DH(my, ..., m)ITQIDHm, ..., m)]), 9)

where

1 k|
(—DlKe / b ko d
Y= u"'v? Ko (u, v)dudv
NI

k|l - o dski drk2
=1 | k1 +ky=lk|

X /2 b,(s,t, y1,y2)82(5, 1, y1, y2) dy1 dy>
N

oH -
X1z (ml,...,ml) ’
om )

A

Q= (0)1<r<i-

The p oof of Theo em 2 gs en ial|, follg s ha of Theo em |, ih app op ia e modifica ion
w hichae eq iedfoy o-dimens ionals moo hing.

3. Applications to nonparametric regression estimators for functional or longitudinal
data

Al h% gh v a i?l.s | ©s ion of ke nel-ba ed @ ima os hq, e been in 0% ced in lie a, e
Nada 3, a Wa on and local pol nomial, & peciall local linea & imaos, ae he ma com-
monl s ed non-pa ame ics moo hing echnig & in longi, dinal o f ncional da a anals 5 .
D e’q, 1hing, bjec co elaion, hea mp oicbehg io in e ny of bia and a iance of "hs e
& imaos fo nos il ob e edlongi dinal o S nc ional da a ha y© been ay, ell, ndes ood
a fo i.i.d.daa. K peciall ,a_, mp o ic 8, Is fo cQ a iance @ ima os dono &5 . The efoe
in hi s eciony, e appl, ‘he gy mp 0 ic &, Is dg eloped fo gene al f nc ionak o Nada 1a
Wa on and local linea” @ ima os of eg asion § nc ion and cQ,a iances, face o ob ain hei
3, mp o icdi ih iom.

3.1. Asymptotic distributions of mean estimators

We app| Theo em 1 o he local &, mpoicds il ion of he common]  sed Nada ; a
Wa on ké nel & imao jiy(7) and ﬁocal linea & imao [y (¢) fo Snc ional/longiu inal
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da a:

n N; n N;
n t —T;j t =T
fin (1) = K ( 3 ”) Y / Y ki <T]> : (10)
1 j =1

i=1 j= i=l j=

n N,

R R . i l_T
fi (1) = bo(r) =a gmin ) Kl( b”)[Yi,-—<oco+a1<Ti,-—t)>]2 .an
(o0, 1) i=1 j=1

Corollary 1. If assumptions (Al.1), (A1.2), and (B1.1) (B3) hold with v = 0 and k = 2, then
— D du@o fO+2uV 0 V) 5, var(Y|T=t)|Ky|?
VaNblin @ —p(0)] —> N (— U 0% ).

2 f@ f@
(12)

where d is as in (B3), o%, = [ u*K(u) du TJ/{"Z16/F5295Tj/-0.9121TD/F1]Tf5.9776005.9776 TJ.IT3F.
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He e w;j = K1((t —Tij)/b)/(nb),, he e K1 & ake nelf ncionofode (0,2)sai g ing (B2.1)
and (B2.2),and %;(t) ¥ ana imao fo hefis de taie W) of ua t.

Ok e ing ha Co ollay 1 implig [ (1) £ w(), le f@) = 22 wij/Nisi s eay o0
sho f(0) LS f(t) in analog, o Coolla, 1. We p oceed oshg ai(t) LS W (t). Deno e
a%q = fuZK] (1) du, he ke nelﬁ ncion K;(t) = —tKl(t)/a%{I, and define ¥ ,,, 1 <A<3 ts
lp](us y) =Y, lpZ(”h y) = 1’ l//3(u7 y) =u-—1. Ob e\r € ha El L OfO de (17 3)7 f(t) _p) f(t),
and define

~ — xalin (1 - t
H(x1,x2,x3) = all zxzle()z and H(Xl,Xz,m):xl—xzu()-
x3—bx2/f(t)-0'K1 X3
Then
&1 (t) - ﬁ(\Plna "P2na "P?m)
Wou (u(t) — (1)) V3
=[H(%n,%n,%n>+ S T TR
3n W3, + b2W3,/ f (1) - 0%,

Noe ha py = (@' f+mf") (1), iy = f'(t),and p3 = [ (@), imp} ing ‘¥, —p; = 0,(1/¥nNb3),
fo 2 = 1,2,3, h Theoem 1. Uing Slutsky’s Theo em,” |H (Vy,, You, ¥3,) — /()| =
0,(1/nNb3) follg s .
Fo he @y mp o icdi if ionof f,noe ha

2 ﬁv > wijYij — 2 ﬁ\/ > wij(Tij — Da ()

p» ﬁ\] > wij '
Con ide ing vVaNb Y, v o wij(Tij — 1) = VnNbo% b*¥,. Since K1 i of o de (1,3),
Theo em 1implia W2, = f'(t)+0,(1/vnNb3), hich, ield VnNboy bWy, = VnNb3o%,
@) + 0'%(1 0,(b) = o,,f/l)jLob e, ing nNbS — d?fo 0<d < oo. Since £(t) 2 f£(t) and
|1(t) — ()] = Op(1/vnNb3) = 0,(1)y, e find

(1) =

lim VaNbliy 1) — p0]1 2 lim VaNb
n—oo n—>oo

x {Zi BN 2 WY — KO X gy 5wy Ty + O X gy X wij M(t)}
2 +vzj Wij

U ing he ke nel Ky of ode (0,2),, e e-define ¥;,, 1<A<3, h Q gh Y (u,y) = vy,
Yo(u,y) = u and Y3(u,y) = l,se ingv = 0, k = 2,1 = 3 and H(x1,x2,x3) = [x] —
W ()x2 4t/ (1)x3]/x3. Then (13) follg s ts appg, ingTheoem 1. [

3.2. Asymptotic distributions of covariance estimators

No e ha inmodel (1), cov(Y;;, Yi|Tij, Tix) = cov(X (T;;), X (Ti)) +025jkw heedj s 1if
Jj=kandOohg, ke.Le Cijr = (Yij — i(Ti;))(Yik — i(Tix)) be he . @ - cq a iance , he e
()% hes imaed meanﬁ nc ion ob ained f om he p & i%S s ep,fo in ance, i(t) = in(t) 0

) = fu (0.1 % eay osee ha E[CilTij Tiel ~ cov(X (Tij), X (T)) + 65 1. The efo e,
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he diagonal of he # ¢cqa iance s h% Id be emg, ed,ie., ong, Ciji, ] # ks h% Id be incIIJ ded
a inp daafo hecq aiances;, faces moo hings ep,a p § iqgs g ob e edinS ang, ali and
Lee [12] and Yao e al. [15].

Commong, s ed nonpa ame ic eg a&sion & imaos of he cQ, a iance.gLl face, C(s, 1) =
E{[X(T) = w(THI[X(T2) — W(T2)|Ty = s, T» = t]},a e he, o-dimen ional Nada % a Wa on
@ imao andlocal linea ¢ imao defineda follg s :

n
~ s—=T;; t—Ti
CnGs,= 1| D Kz( — h‘)cijk/

i=1 j#k
n
=T t—T;
Y () | a6
i=1 j#k
~ - z ~ T t—T,
CL(s.1) = fo(s.1) =agmin 1 3 > K> (s T )
B i=1 j#k

X [Cijk — f(B, (s, 1), (T3, Tix))]
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¢1(t1, 12, y1, y2) = (1 — (1)) (2 — (12)), Ga (11, 12, y1, y2) = y1 — p(th), and @3 (11, 12, y1, y2)
=l1, hen‘su PrseT |Ppnl = Op(l), fo p = 1,2,3, h Lemma 1 of Yao e al. [16]. Thi im-
plic ha s, Py o7 D2 0p(1/ (Vb)) = O0,(1/(/i)) ands, p; o7 |0310,(1/ (/b)) =
OP(I/(ﬁb)). Sincesu PzeT,L/Al(t) — /z(t)|2 = O,(1/(nb)) a e negligible compa ed o ®y,, he
Nada 3 a Wa ong imao Cn(s,?),of C(s, t) ob ained f om Cjji & 3, mp o icalg, eq \ alen
o ha ob ained f om C‘ijk, deno ed tS C’N(t, s).

The efoe, i & S fficien oshg ha he a, mpoic di ila ion of Cn(s, 1) follg s (18).

Choa e v = (0,0), k| = 2, ¢(s, 1, y1, y2) 2 = 1) 2 — w(®), dals, 1, y1,y2) =1
and H (x1, x2) = x1/x2 in Theo em 2, hen Cn(s, 1) = H(W1,, W2,). To comp e yn(s, 1)y s €
DH(my,my) = (1/ma, —mi/m3),and no em (s, 1) = [y (y1—p(s))(y2 — u(t))g2(s, £, y1, y2)
dyidyy = fa(s,)C(s, 1) and ma(s, 1) = fa(s, 1). One ha (d*/dt*)m (s, 1) = [(d* f»/d1*)C +
2(d f2/d1)(dC [dt)+ f2(d*>C[dtD)](s, 1), (d? /d*)ma(s, 1) = d? fo(s, 1) /di* ands imila de § a-
{8y 1h epec o heag men sleading o he bia e min (12). Fo hea mpoic ai-
ance, noe ha oy = |K2l|* fn(r1 — u())*(y2 — u(0)?ga(s. 1. y1, y2)dyidys = E[(Y1 —
(T (Y2 — W(M)T = 5, T = 1) fals, DK 012 = w1 = [1Ka? fals, HC(s, 1),
wy = ||K2||2f2(S,t), and DH(m,m2) = (1/ma, —ml/mg),y ielding he v a iance e m
in(12). O

Corollary 4. If the assumptions (Al.1), (A1.2), and (C1.1) (C3) hold with |v| = 0 and |k| = 2,

then
JaN(N — DR2[CL(s, ) — C(s, 1)]

2
2N (Za@[d%(s, 0/ds? +d>C(s, 1 /dr?, LK ) ,

fa(s, 1)
where e is as in (C3), v(s, t) = var{(Y1 — w(T1)) (Yo — w(L)|T1 =5, Th = 1), O'%(z = fmz (u2 +
V) Ko (u, v) dudv, | K2|* = [r2 K3(u, v) dudv.

(19)

Proof. In analog, o he p oof of Co olla, 3, he local linea & imao 61:(s, t) ob ained f om
Ciji & &y mp o icall, eq \ alen o Ila ob ained f om Cijk, den~o ed b, ~CL(t, s).~AL o denoe
hes 0111 ~ion o) (17),~afe Su b ]u ing C;jr fo Cijx, t& B(s, 1) = (Bo(s, 1), B (s, 1), Po(s, 1)), and
in fac fy(s,1) = CL(s, ). Fo s implici_ , le W;jx = Ko((s — T;;)/h, (t — Tix)/ h)/(nh?) and
D4k b abb g iaionof Y7, 37 " Algeb acalg laion y ield ha

& i ik CijkWijk—B1 23 jek Wik Tij+B1 2i joek Wijies =B 2i jek WijaTik+Ba 25 i Wijkt
L= s
i, jk Wijk

= Roo(S10802 — So1511) + Ri10(S00S02 — S01520) — Ro1(So0S11 — S10502)

Bi ,
500520502 — 0057, — S3S02 + S10S01S11 + S20810811 — So1 S50
B, = Roo(S10S11 — S01S02) — R10(S00S11 — So1520) + Ro1(S00520 — S3)
5 =
500520802 — S00S7; — S75S02 + 10801511 + S20S10811 — So153,
he e

W

Rpg =Y Wir(Tyj = )" (T = 0)9Cijk. Spg = Y Wija(Tyj — )P (Tix — 1)1
i,j#k i,j#k
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No e ha Bl and Bz a elocallinea & ima os of hepa ialde k a \ & of C(s, t),dC(s,f)/ds and

dC(s,t)/dt, & pec { eg .Inanalog, o hep Of)fOfCO ollay 2,1 canbes hg n he_l |£31(s, t) —

dC(s,t)/ds| = Op(1/\/REN(N — DA%y and |By(s, t)—dC(s, t)/dt| = O,(1/y/nN(N — Dh*)

té appg), ing Theo em 2. Then one cans, b iy edc(s,1)/ds,dC(s,1)/dt fo B(s, 1), By(s. 1) in
L(s, 7), and deno e he 3, ling & ima o 13 Ci(s,t).1% e&y os ee ha

lim NN — DR2[CL(s, 1) — C(s, )] 2 lim VaN(N — Dh2[C} (s, 1) — C(s, D)].

We define @, 1<A<4, h g gh (s, 1, y1,y2) = (y1 — u(s) (y2 — (@), a(s. 1, y1, y2
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ha einCo ollaie 3and4y ih f(r) eplaced 13 1/|7) and f(s,t) eplaced 13 l/llew he e
|71% helenghof hein e, al

5. Simulation study

A me icals | (% s cond ced ogal ae hede | eda, mpoicp ope is.Thekg finding
in hi pape 5 ha”hea mpoic g ls fo f ncionalo §longiu dinal a e compa ablé o ha e
ob ained f om independén daa, i.e., he inf] ence of; i hins, bjec cQ a iance dogé no pla,
s ignifican ole in de ¢ mining he & mp o ic bia and, a iance. Fo s implici, v e fogs on he
local pog, nomial mean & ima osy, hicha e of eng, peio o heNada g a Wa ona ima os.

We fis gene aed M = 200s ampla com 5 ing of n = 50 i.i.d. andom ajec o i@ each.
Follg ing model (1), hes inﬁ laed p ocgs ha a meanﬁ ncion u(t) = (t — 1/2)%, 0<r<1

w hich ha a con an s econd de { a 1\ e u® (t.). = 2, and a con any, i hingu bjec cQ a iance

f ncion de { ed fom a andom ine cep & "351‘1\{(0, Ay hee 21 = 0.01 and¢;(t) = 1,

0<t<1. The mea; emen e o in(l}, ase &; 1'lifi'N(O, az)w he e 62 = 0.01. A andom

daign, a  sedy hee he p mbes of obe aion fo eachg, bjec N ee chaen fom

{2,3.4,5), iheqx gl likelihood and he loca ion of he ol e a iony, e & nifo mg, di ilf[)l ed

on [0, 1], ie., T;; 1'3\'91'U[0, 1]. Fo compa i ony, e geneaed M = 200s ampla of n = 50
iid. andom ajec o iay, hich hg e hesames ¢, ea inmodel (1) | ng, ihing, bjec

co elaion.Le ing &;; = 0and g;; S N(0, /21 + 0?) lead o independen da g, ih hes ame
mean and‘, a ianceg nc ion . The efo e, he, os es ofda ahak, e hes amea_ mp o icds ila ion
fo helocal po] nomialmeane ima os.Weak ogene aed M = 200co ela ed and independen
s ampla , & peC { el ,con s ingof n =200 ajec ois each fo demon aing he 3, mp o ic
behg ioy, ih heirc ea ings amples ize n.

He g, e, e he Epanechnik({, ke nellﬁ nc ion, i.e., K1(u) = 3/4(1 — uz)l[_l,l](u)w he e
14(u) = 1ifu € Aand Oohe, iefo ag se A. Noe ha n(ENp**! — 4% in (B3),
@) = 2, var(Y|T = t) = A1 + 0> =0.02, and he deign deni_ f(t) = 1, hee
k = 2 fo local pol nomial & imaos and b he bangd idhsed fo )he mean & ima ion.
F om he abq, e cos |, cion, one can calg lae he a, mpoic va iance and bia of he local
poé/ nomial meana ima os py (t);s ingCo olla, 3 hichi infac applicable fo bo hco elaed
and independen daa. Since he bia and, aiance em aeboh cos an in ¢ sim laion
famg ok, fo con eniencg, e compae hea mpoicinegaedsgq aedbia and aiance

ih heempi icalin eg a eds ¢ a ed bia and, a’iance ob ained, s ing Mon e Ca lo g e age f om
M = 200s iny la eds ample ba ed on [y E[{iy(1) — u(D)21dt = [y {ju (1) — E[fi.(D])>dr +
fol{E[/}L(t)] — u(t)}?> dt. The ay mp o icin eg a eds g a ed bia and\, aianceae gi\, en 13

W

0.02 x || K%
nNb
and hea mpoicinegaed means g aede o AIMSE = AIBIAS + AIVARy, he e o‘%(l =
Ju?K ) du, |K{|*> = [ K}@w)du and N = (1/n) 37| N, hile he empi ical in eg a ed
sga ed bia @ iance and means g a ede o aedenoedh EIBIAS, EIVAR and EIMSE,
The a_, mp o ic and empi ical ¢ an 1is Sy cha heineg aeds g a ed bia @ iance and mean
sgaedé o,aeshg ninFig.1fo heco elaed/independen da g i hs amples izen = 50/n =
200, & pec { el . Fom Fig. 1,1 & OQ, igs ha hea mpoicapp aimaion s imp Q ed
inc ea ing hes amples ize. The 3, mp o icg aniis AI%IAS,AIVAR and AIMSE ag eg, ih he

1
AIBIAS = S0, b*,  AIVAR = (20)
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x 1078

x 108

55

n=50 /

Correlated

n=50
Independent

-2 -1.5 -1 -0.5 -2 -1.5 -1 -0.5
log (b) log (b)
-3 -3
3 x 10 ; 3 x 10 l
25 n=200 | 25 n=200 f
Correlated | o Independent |
1.5
1
05 b _
0

log (b)

-1.5
log (b)

Fig. 1. Sh@, nae heempi ical ¢ an iig ¢ olid, incg' ding EIBIAS, EIVAR, EIMSE) and a , mp o ic ¢ an iig (da hed,
incﬁ ding AIBIAS, AIVAR, AIMSE)\, es,s log(b) fo co elaed (lef panek ) and independen (igh panek)dag, ih
diffe en s amples iza n = 50 (op panek ) and n = 200 (bo om panek ), he ebs heband idh sedin hes moo hing.
In each panel, he ineg aeds G a ed bia 5 he ong, ihinceaing pa en, heinegaed aiance s he ong, ih
dec ea ingpa e n,and hg ¢ as eachohey, hile heineg a edmeans ¢ aede oy, hichs la ge hanbohineg aed
sga ed bia and\, a iance fo ar&, bangd id h b’u"‘u alg, dec ea @ fis and heninc ea @ afe eachinga mininel m.

empi ical ¢ aniis EIBIAS, EIVAR and EIMSE fo bo h co ela ed and independen da a. Fo

hes inel

laedda g, ih hes ames amples izens, cha, mp oicapp oimaios fo co elaedand

independen da aa ¢, ell compa able inpa e nand magni, de. Thi p q ide he g idence ha

hg', i hinsu

bjec co elaionindeed doa no hq, e obV i%.s in% enceon hea  mp oic behek io

of helocal pol nomial & ima os compa ed o hes anda d a e ob ained f onmi independen da a,

W

6. Discussion

hichs con ¥ eny, ih Q heo e ical de k aion .

In hi pape, he a, mp o icds i ion of ke nel-ba ed nonpa ame ic eg @siona ima os
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de ign ds c ibed in (Al.1) and (A1.2), fied eq al}, s paced dg ign de ¢ ibed in (A1*), ands ome
ca el ingbg, een hem.Thep opaed @, Is cq Idak obee ended omo ecomplicaedca &,
S chia . paneldaay, he eob ey a ion fo diffe en S bjecs a eob ained a as e i@ of common
ime poins ¢ ing alongi, dinal follg ; p.If cow ide ing andom da ign, he den i, of hejh
ob e aion ime 7j cq ldbeas, med obe f;(z), hen he ¢ Is ae eadig, applied o hi cae
i happ op ia e modifica iony, ih & pec o he diffe en ma ginal den i1g .
The gene al a_, mp o ic di ila ion 8, Ls inu n'k, aiaeand bi, a ia es moo hings e ing ae
applied o heke nel-ba eda ima os of he meanand cq, a iance f nc ion, hich ield a  mp-
oicno maldi il iom of ha ea imaos.To heba ofg kng ledge, he ea enoa, mp oic
di ilBl ion 8, Is q ailableinli e a, e fo nonpa ame ice ima os of cQ a ianceg nic ion ob-
ained f om ob e, ed nok, longi, dinal o f ncional daa. Thi p Q ide heo eical ba ¥ and
p ac ical g idance fo henonpa ame ic anals i of f ncional o longi, dinal da g, ihimpo -
an po en ial applica ion ha a eba edon hea , mpoicds i ion.Fo eample,a, mpoic
confidence band o egion fo he egasiong” eo hecq aiances, facecanbecon  ced
ba edon hei a_ mpoicds ilﬁ ion . Since, ql e o hei heq, . comp, a ional load, common],
usedpoced a6, cha cas 3 alida ion) fo bang id hs eleC ion iny, o-dimen ionals € ing
aeno fea ible, oneimpo an & ea chp oblems os eek efficien app oacha fo choa ings, ch
s moo hing pa ame es . Ak o f nc ional p incipal componen ana&,‘s b ,aninc ea ingl pop la ool
fo f ncional daaanals i, ba ed on eigen-decompa iion of he & ima ed cq;a iance § nc-
ion. Ths , he inf] ence of he a, mpoicp ope ia of cq aiance & imaos on he s imaed
eigenf ncios § ano he poen ie%l geachofines .

W
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