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k: .Sk : S I &% (groupoid)
o S G,
° b,s: G — S,
e xS 0:G xsgp G = G.
k T,
(S(T) = Hom(T, S),G(T) = Hom(T, S), s, b,0)
S(T) , G(T)
. S xS e:S—=G
“—17:G - G,




S G TR V€ Qeoh(S), G
G u: sV S0V

e c*u .

ou o0:GxsqpG—G priu o prju.

S T, Vv
(S(T), G(T), s,b,0)
t: T — S t*V,
g:G—= S g*u:s(g)*V — b(g)*V.



S G TR V€ Qeoh(S), G




S , Sch/k ,
(prestack). fpqc Gs.q.
Sch/k F,
Sch/k F — Qcoh/k.
; k T, F(T') — Qcoh(T).

, Rep(Gs.c;) ~ Rep(S : G).



gerbe

S , Sch/k :
(prestack). fpqc Gs.c-

Sch/k F,

Sch/k F — Qcoh/k.
; k T, F(T') — Qcoh(T).
. Rep(Gs:c) = Rep(S : G).
gerbe
gs:c gerbe
(s,b) :G— S xS fpqe
G :
G S



Deligne 1990

k : k-5k=38H5 (tensor category)
k- C ®:CxC—=C
Q (C,®) 1.
(2 X e, XV :1 XX

ev: XXV 51
Xt x xv x ¥ x f oxvVUtxv x xvu xv

QcC .
(%) k = Hom(1,1)




()
]

° (1) T. 7. F:ToT
SREERF (®-functor)
° FX)@FY)—> FXQY),
° T LF4ERRF (fiber functor)
F: T — Qcoh(S5) S k-
° T %H5ER5 (tannakian category)
w: T — Qcoh(9) S # 0.
u:T—S k- , w: T — Qcoh(S)
w*w: T — Qcoh(T) :
T
w: T — Vect(K), K k






. (Deligne 1990)
T:k , w: T — Qcoh(S): , S/k # 0.

° AutP(w) Sx S :
°ow T = Rep(S : Aut (w)).

° , G  S#£0
Sx S .
w  Rep(S:G) G
w : G5 Aut? (w).




. (Barr-Back)

(L, R) , LR —id,id — RL,
F=LR, LA—LRLA=F(LA) LA F
L:A—B (f,g) : A= A

(Lf, Lg) ; K =ker(f,g) LK =ker(Lf, Lg).

L A F B

aMp (A, B)

L:E— FE®p aMp A B ,
R:F — F®p M}, Barr-Back ,

A BM) ®4 AMp B




k: ) Bl,BQZ k . Wi C — (Bi)ptf
(Bi)pte B; :
Z(Bl,BQ) Lk(wl,WQ) .
X e, wl(X)V®w2(X)—>Lk(w1,w2)
X, Y €, .

Ly (wi,w3) = Lg(wi,w2) @ Li (w2, ws3).

Li(w) = Li(w,w), )
, WXV @w(X) — Li(w) w(X) = w(X) ® Li(w)



k ;A k- Abel

Hom .
k B, w: A= (B)p , B




Y € (X) (Y) C (X).
Li(w[(Y)) = Ly(w[(X))

B :
Al (X) . Li(w)
Ly (w[{X)) O
A . w
Li(wi,w2) ® Lp(wr,w2) — Lp(wi,wa).
A o Lip(wi,w2)
B : Spec Ly (w1, w2) Hom§ (w1, wa),
S = Spec B.



T T,:C—T,
Ar(Th,Th) Ti(X)Y @Ta(X ) (coend), Ind(T)
. Ak(Tl,TQ) TRXT (Tl X ]l 1 x TQ)
T:TT =T, T(Ag(id,id)) = A7 (id,id),
w(Ak(id, ld)) = Lk(w)
ev: XVoX —1 A7(id,id) — 1
1 — A (id,id)

T S=SpecB B —F+«+T+€






L

-



Grassmannian

Go . Gp Ind-
Grg =Gr/Go. Ind-
., G GL, Gre  Grgy,
GLn, GTGLn
Grassmannian
Grg : Beauville-Laszlo
R, Xr =X ®; R. 5
E Xgr G- (torsor) i )
Grg(R) = (&,8) isom

B:5|X}§ —>5O|X}*2



ev:Gp — G t 0

(B,T) Borel , I=ev 1B GF Iwahori ,
Go Parahori ) Cartan
Go\GF/GO = W\(X. X W)/W = X;"
A€ X,, G, — T Gm,F_>TF
2 t€Gpr
Go Grg XJF
AE Xj_, G(/)t)‘G@/Go Go
GT’é = G@t)‘G@/GO
PervGO (G’I“G, A) ICF
ra



Gro x Gra & Gp x Grg L Gp xG0 Grg = Gra8Gra = Gre.

F,G € Pervg, (Grg, A), Grg8Grg
FRG p*(FXG) = ¢*(FRQG).
F %G = m,(FHG), F G



Gro x Gra & Gp x Grg L Gp xG0 Grg = Gra8Gra = Gre.

F,G € Pervg, (Grg, A), Grg8Grg
FRG p*(FXG) = ¢*(FRQG).
FxG=m.FRG), F g



Pervg, (Gra, A)
AEX:F, IC)\:ICGﬁ
e
Hom(ICy,IC,[1]) =0 A€ XS

o Gr) = U, Gr%, dimGr) = dimGrd = (2p, \),
2p .
o HY(IC)) =0 i (2p,A)




° : Gr Kac-Moody , Go
Parahori ,
° , i
Gré

° , :

a MA—aV e X[, Crav,

Cra\{A2"} € Gr). ’
. SLQ 9
L]




Bruhat , Grg = l_IwGW/WIwGo/G@.

wy € WAW Iw \Go/Go Gré
IC)\ = ICI’U})‘G@/G()'
FlG:GF/I%Grg, G/Bi

Tw\Gop/Go TwywoI/1.

, ICrw1/1 : Twl/I
Bott-Samelson




F,G € Pervg,, ([()]/211111/11220



U = [B, B] B A€ X,
S\ = UFtAGo/G@ Ur Grg

° Sﬁ)\ = I—'VSASV,'
o 2pY , Gn—>T—=G
Gm G’I’G .
n (0]
Sy= =z € Grg lim2pv(s)-$:t/\ :
s—0

Ur
n o
T\= z€Grg li)m 20V (s) -z =1t .
S§— 00



( )-Braden’s hyperbolic localization theorem

G X p:Gmx X > X,
S eD(X) ;
p*S=LKS, L Gpn

. (Braden 2003)

X . F=XCm ,
n (@) n (0]

XT= zecX limszwexists, X = x€X lim sz exists .
s—0 5—+00

fr:F - X% ¢gF: Xt o X, ot Xi%F
S e D(X) G - ,

(fE)*S = (7%).S, (F%)'S = (75)15,
(f)*(g7)'S = (fH)(g")*S.
I




X
Gry

Hy, (Gra, ICy) = HE(S,, IC)).

k # (2p, )

xeXfueX,
dim Gri NS, = (p, A+ p).

F e PervGO (Grg)
H*(S,, F) =0,k > (2p, ).
Hj, (Grg, F) = 0,k < (2p, ).
[]




F € Pervg, (Gra)

° Hc<297M> (SIU‘F) — Hc<2/’7ﬂ> (Sil“ f),
o HP")(S,,F) = HE" (5, F),v < u,
o HIPPHITeM (T ) =0,

T, .
F, = H?PM (5 H(Gro.F) = = F.(F
m c (,lu )v ( ra, ) M( )
neXe
HEPM (Gr, F) H 01 (Gr, F) H

I



Grassmannian

X Gra x
C D .
reX(R),E Xrn G- '
Grgx(R)= (x,&,5) . isom
B:Elxmr. = Elxp\r,

Gr(;,Xz, Beilinson-Drinfeld Grassmannian.

o GTG,X2|X2\A = (GTG’X X GTG,X)‘XQ\A-
o GTG,X2|A =~ G’I“G7X.



Grax8Gra,x N GTG,X2 :

U=X\A . A
X:Al, , G’I’G7X:G?”G><X,
F € Pervg, (Grg) Fx € PerVGo,x(GTG,X)-
, Fx xx Gx.
, A F*G[2],
U FXRG[2].
GTG,XQ
G, GTQX e GT‘G,X ) (tm , th2 )X2
m f A 1
1% < Xc ' S#(Xz)



Su(X?) A = Su

U Sy X Sp,-
H1tp2=p
Fx *x Gx HEPMT2(8,(X2) /X2, Fx *x Gx).
A HEPM (S, FxG) = F(F+G).
U
ooy F L
H\=p# S,LUXS,UQv]:IZg = Fﬂl(‘F)®FH2(g>'
H1tp2=p P1tp2=p



Su(X?) A = Su

U Sy X Sp,-
H1tp2=p

Fx *x Gx HEOM2(8,(X2) /X2, Fx *x Gx).
A HEPM (S, FxG) = F(F+G).
U

o) F L

H\=p# S,ul XSM%]:&Q = Fﬂl(‘F)®FH2(g>'
H1tp2=p P1tp2=p
° X2

« . )
o /Hk(G’FGJ(Q,fX *X gX)



Satg = PervGO (GTg).
F = H(GTg, —) Satg

SVect(A),
Vect(A)
Satg Rep(@, A).
Satg , &
Satg X, <X>
G .
Satg &
€ @&



SatT X.(T)
E=P

F= ;LGX.FN

Satg — Vectx, (A) — Vect(A). b6
& XS , &



2p € X*® = x ,
& , Borel ) P
)\EX;'—, 1Cy A F(IC)\) .
: & A , X}
X; =85
 F(ICN), p< A ¥
(root lattice) (K. QY.



motive

e motive

°
°
@ Zeta



motive

k: 0 , k, Galois I = Gal(k/k).
Xk . 0, Hy(X): X EQ ,
HdR(X)Z X de Rham . HA(X) = HdR(X) X Hg(X)

0:k—=C, Hy(X) o0X=X®,C Betti
D Hy(X)® (C x Af) = Hp(0X).
o* Hy(X) < Hy(0X).



motive

X: k . 0, Hy(X): X /s ,
HdR(X)Z X de Rham . HA(X) = HdR(X) X Hg(X)

0:k—=C, Hy(X) o0X=X®,C Betti
D Hy(X)® (C x Af) = Hp(0X).
o* Hy(X) < Hy(0X).

HP(X)(p) t 18%3F o B9 Hodge 2
o*t € H(0X,Q)(p) N H*? (0 X).
HP(X)(p) t #4833 Hodge 2§
og:k—C o Hodge




motive

Cnl



Vi k ( )
CVk . h(X),X EVk,
Hom(h(X),h(Y)) = Mor’(X,Y).
Q-
WX UY) = h(X) ® h(Y), (X x ¥) = h(X) @ h(Y).
1 = h(pt)
(effective)motive I\/I;
CVi ( ).



motive

P, h(P') = hO(P') + h2(P!) = h(pt) + L.

H(L) = Q(-1),
Hom (M, N) = Hom(M ® L,N ® L)
motiveM, N.
L

motive M, .
° (M,m), M € M, m € Z;
(2]
Homg,, (M, m), (IV,n)) = Homy: (M & L=, M & L)
r>m,n;
o M




motive

H"(X) Hodge
Mor?(X, X)
Homyy (h(2). p), (h(),p))

P :
Jannsen 1992 Lemma 2

= pMorO(X,X)p







motive

d: MOIN >NQM, ¢=d¢", ¢&*: M QN°— NQM"

M. .
¢ MON —>NRQM, ¢=o¢p"° ¢"°= (_1)rs¢7”,s.
Mg, IEffRY motive JBIE.
H@7HdR7H0'



=}

>



AA
. KQiBp2 w2iaf

+9%2 k@ 08 T-CX2T:f:X! X- # f
if=1 X- x1%" x- x=x Xx-12P12 >Q@ ;1) = k:
8Y x2 >QK;X);y2 >QK;1)-¢ER y2 >QK;X-)-
# [ F+ -te X yi

x 'y 2p>QKX X-)! >QK1) | X
£3¢¢-0© X y2 >QKK;X) X

1 "« f X=V- W -8Y

f2>QW;W)= >QK;X)-g2 >QWV;V)- # cg
'g AEW-yV— e E¢c X&. VyV— ca V
U ECERER H;cgi=i'g f2>Q®/;V) X

X X X XXXX XXXX XXXX X X XX X
X XX XXXX XXXX XXXX X X XXX

"sh%oJA S 8 T



KQiBp2

X X X XXXX XXXX XXXX X
XXX XXXX XXXX XXXX X X



AA
. KQiBp2 w2iaf

+90f n °e08Wf™ X-yG .2HB:M2@&-BHM?2
r 2 >Q(X);h(X))
h (X)) B h (X ):hs(X) © hS(X);s6 1
£= 1,= 5 Xnt¢
(h"(X))- = (h(X); )= =(h(X); 20 ()(n)= h> "(X)(n):
2pbPeER X
1 xEef h(X) y h(¥)(i)) O -/H
f2C™(X Y)-g2C™ (Y X)X
47 cgi g2Cc™ (X Y)X{ xEn¢
M, 'gi=i"g f2 >QK(X) h(X)) :

X X X XXXX XXXX XXXX X X XX X
X XX XXXX XXXX XXXX X X XXX

"sh%oJA S 8 T



AA
. KQiBp2 w2iaf

dY X #A’¢ Fq -+—00ay " ey -éA

IX(Fe))= h 6p; i = L 6gjh(X) :
i 64 6 Q#2MBMXDb
9© w2iafUYEe |,

X 1(X (Fep

Z(X;t)= 2tT Mtn
n 0 n
X
= 2tT

n

2tT L HM  64t) h(X)

1.
= L8N h(X) t"
n

0

1

/21 6t h(X)

X X X XXXX XXXX XXXX X X XX X
X XX XXXX XXXX XXXX X X XXX

‘sh%eJA S 8 T



AA
. KQiBp2 w2iaf

—V S 38 T +» -¢0f n- :VI V %
cA XdY O«U3x”

()= /2i V=" a1 "ty +( D
éA =i '~V X

> gc” # [2i V =i "Any X
lee i - A
X

fi (' BMy;
=Sa/(Si Sn i)

a=1if; 2"V

X X X XXXX XXXX XXXX X X XX X
X XX XXXX XXXX XXXX X X XXX

"sh%eJA S8 t



AA
. KQiBp2 w2iaf

Q} V "t M08 <A
itf ATV o= it Aty

i .2HBRAM\NYy G2KK2 X" ® Y

i{B)/= /BK; |(A)---:;|(Ai) Je« U%” X
0¢ V=1"-m 3..f2 /BK=m-UY+Nas
St -R0 U%"0," X O

+9%2 § 8 T +» V C¢ cA f2>Q.V)-
i e” i=1 ONwi 2tTlyJ e+
2tTi"fV = /2i 2tTV :

X XX XXXX XXXX XXXX X X X

"sh%oJA

X X



#
AA

. KQiBp2 w2iaf

—M ©%2 ™08 T +» -f:

eAY "yey ,

X X
(D"if "aAnM " i

n 0 m 0

1¥31 fJe  -6Q-8C+ b3y f
A'M  avk™ =

0
n Q//

%gpIZM
dYY O¥ UE£as,> ¥00°
o 'Mia im

*WAER¥~cFeg “&

n
Q
©
avim !

-YSt¢

"sh%oJA )

I-®A

A'M  avK"™Mm:
Vv,

I avkv ! O

©%2 3 ¢ X

X X X XXXX XXXX XXXX X X XX X
X XX XXXX XXXX XXXX X X XXX



AA
. KQiBp2 wW2iaf

+93..f n-“ ph= 25, 0n = A 2s,( )M -
a0+ avRy 2" 3t7°« X

dYE
¢XX A0 O" &8 GhPmGh+1Pm Y OhPm+1GhPm X
£+ [ O ® 0X

40 -1 U+fy =ce= [",[% @feCO3t"

Ae... Y -0 O

n(m + 1) L M(n+1)
Tmean nPmetGPn T

Oh PmCh+1 Pm:

X XX XXXX XXXX XXXX X X

OhPm =

"sh%oJA S 8 T




AA
. KQiBp2 w2iaf

—V ©7T S 8 +» - ©V cA -éE"
xE=A "¢ ,
y. 1 X .
/[2i1 t V = iv " avRv t":
n 0

RoOUY WZMfEX
Z(X;t)= L 64" avRnh(X) t";

9(0
= L 6gh(avRX) t":

n 0

X X X XXXX XXXX XXXX X X XX X
X XX XXXX XXXX XXXX X X XXX

"sh%oJA S 8 T



AA
. KQiBp2 w2iaf

UY # KQiBpB+aW2gf ™% 8 31 f :

Z(X;t) = h(av RX)t":
n 0

P . :
hbA L h(X) = ( 1) i° hi(X) -
i
n¢ yni EcO,c X

4 -+'PécA Ko(Jy)! R-®UY<¢ w2iaf X
0 "2iipbW=1i jh() -

O« 0 ¢ >Q/;Z hPa ~ X

X X X XXXX XXXX XXXX X X XX X
X XX XXXX XXXX XXXX X X XXX

‘sh%eJA S 8 T



AA
. KQiBp2 w2iaf

1o :°iib+22

+9%2 2n OWf ™X - Pyxy(X) nP
+f >Q/if yeaf -/
Py (X) = AN+ En+1 (X )x'y)
n ij n
—S %2 Yp -SM= avRS=S"/S,-
shlnPS n p >BH#?2 iX
hl = h (S)-éA""

X X X XXXX XXXX XXXX X X XX X
X XX XXXX XXXX XXXX X X XXX

‘sh%eJA S 8 T
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