SHTUKAS FOR REDUCTIVE GROUPS AND
LANGLANDS CORRESPONDENCE FOR FUNCTIONS
FIELDS

VINCENT LAFFORGUE

This text gives an introduction to the Langlands corresporideince for
function elds and in particular to some recent works in this subject.
We begin with a short historical account (all notioris tisad below are
recalled in the text).

The Langlands correspondence [49] is a conjectuie of utmost impor-
tance, concerning global elds, i.e. number ¢!d¢ and function elds.
Many excellent surveys are available, for example [39, 14, 13, 79, 31, 5].
The Langlands correspondence belongs to a hugée system of conjectures
(Langlands functoriality, Grothendieck's vision of motives, special val-
ues of L-functions, Ramanujan-Petersson conjecture, generalized Rie-
mann hypothesis). This system has a remarkable deepness and logical
coherence and many cases of tiese conjectures have already been es-
tablished. Moreover the Langlands correspondence over function elds
admits a geometrizaticn, ihe geometric Langlands program , which is
related to conformai eld theory in Theoretical Physics.

Let G be a connected reductive group over a global eld F. For the
sake of simplicity wz assume G is split.

The Langlands correspondence relates two fundamental objects, of
very di erant nature, whose de nition will be recalled later,

the automorphic forms for G,

the global Langlands parameters , i.e. the conjugacy classes of
morphisms from the Galois group Gal(F=F) to the Langlands
dual group 8(Q-).

For G = GL; we have 8= GL; and this is class eld theory, which
describes the abelianization of Gal(F =F) (one particular case of it for Q
is the law of quadratic reciprocity, which dates back to Euler, Legendre
and Gauss).

Now we restrict ourselves to the case of functions elds.

In the case where G = GL, (with r  2) the Langlands correspon-
dence (in both directions) was proven by Drinfeld [20, 23, 24, 22] for
r = 2 and by Laurent La orgue [44] for arbitrary r. In fact they
show the automorphic to Galois direction by using the cohomology
of stacks of shtukas and the Arthur-Selberg trace formula, and deduce
from it the reverse direction by using the inverse theorems of Wkil,
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2 VINCENT LAFFORGUE

Piatetski-Shapiro and Cogdell [16] (which are speci ¢ to the case of
GL,) as well as Grothendieck’s functional equation and Laumon’s prod-
uct formula [55] (which are speci c¢ to the case of function elds). Other
works using the Arthur-Selberg trace formula for stacks of shtukas are,
in chronological order, Laumon [57, 59], Ngo Bao Chau [70, 71, 72], Ngo
Dac Tuan [17, 73], Lau [54, 53], Kazhdan, Varshavsky [81], Badulescu,
Roche [6].

In [47] we show the automorphic to Galois direction of the Lang-
lands correspondence for all reductive groups over function elds. More
precisely we construct a canonical decomposition of the vector space
of cuspidal automorphic forms, indexed by global Langlands param-
eters. This decomposition is obtained by the spectral Gecomposition
associated to the action on this vector space of a commutative alge-
bra B of excursion operators such that each character of B deter-
mines a unique global Langlands parameter. liniike previous works,
our method is independent on the Arthur-Seibarg trace formula. We
use the following two ingredients:

the classifying stacks of shiukas, introduced by Drinfeld for GL,
[20, 23] and generalized to all reductive groups and arbitrary
number of legs by Varshavsky [81] (shtukas with several legs
were also consideread in [54, 71)),

the geometric Satake equivalence, due to Lusztig, Drinfeld,
Ginzburg and Mirkovic-Vilonen [7, 69] (it is a fundamental
ingredient. of the geometric Langlands program, whose idea
comes irom the fusion of particles in conformal eld theory).

In the iast sections we discuss recent works related to the Langlands

program over function elds, notably on the independence on “ and on
the geometric Langlands program. We cannot discuss the works about
nuimber elds because there are too many and it is not possible to quote
them in this short text. Let us only mention that, in his lectures at
this conference, Peter Scholze will explain local analogues of shtukas
over Qp.
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1. Preliminaries

1.1. Basic notions in algebraic geometry. Let k be a eld. The
ring of functions on the n-dimensional a ne space A" over Kk is the ring
K[X1; ::5; Xn] of polynomials in n variables. For any ideal I, the quotient
A = K[Xq; 55 Xq)=1 is the ring of functions on the closed subscheme of
A" de ned by the equations in I and we obtain in this way all a ne
schemes (of nite type) over k. An a ne scheme over k is denoted by
Spec(A) when A is the k-algebra of functions on it. It is equipped with
the Zariski topology (generated by open subschemes of the forivi ¥ & 0
for f 2 A). It is called a variety when A has no non zero nilpotent
element. General schemes and varieties are obtained by aluing. The
projective space P" over k is the quotient of A"*! n ¥0g by homoth-
eties and can be obtained by gluing n + 1 copies ai A" {(which are the
quotients of f(Xo;:::; Xn); Xi & 0g, for i = 0;:::;;n). Ciosed subschemes
(resp. varieties) of P™ are called projective scheimes (resp varieties) over
k. Schemes over k have a dimension and 2 curve is a variety purely of
dimension 1.

1.2. Global elds. A number <!d is a nite extension of Q, i.e. a
eld generated over Q by some rcots of a polynomial with coe cients
in Q.

A function eld F is the eld of rational functions on an irreducible
curve X over a nite eid &.

We recall that if ¢ is a prime number, F; = Z=gZ. In general q is a
power of a prime number and all nite elds of cardinal g are isomorphic
to each other {although non canonically), hence the notation F,.

The simpiest example of a function eld is F = Fy(t), namely the
eld of rationai functions on the a ne line X = A'. Every function
eld is & nite extension of such a eld Fy(t).

Given a function eld F there exists a unique smooth projective
aind geometrically irreducible curve X over a nite eld F; whose eld
of rational functions is F: indeed for any irreducible curve over F,
we obtain a smooth projective curve with the same eld of rational
functions by resolving the singularities and adding the points at in nity.
For example F = F(t) is the eld of rational functions of the projective
line X = P! over F, (we have added to A! the point at in nity).

For the rest of the text we x a smooth projective and geometrically
irreducible curve X over Fy,. We denote by F the eld of functions
of X (but F may also denote a general global eld, as in the next
subsection).

1.3. Places of global elds and local elds. A place v of a global

eld F is a non trivial multiplicative norm F ¥ R , up to equivalence
(where the equivalence relation identi es k:k and k:k® for any s > 0).
The completion F, of the global eld F for this norm is called a local
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eld. Itis a locally compact eld and the inclusion F  F, determines
v. Therefore a place is a way to complete a global eld into a local
eld .

For any local eld there is a canonical normalization of its norm
given by the action on its Haar measure. For any non zero element of
a global eld the product of the normalized norms at all places is equal
to 1.

For example the places of Q are

the archimedean place, where the completion is R (with nor-
malized norm equal to the usual absolute value),

for every prime number p, the place p where the compietion is
Qp (the normalized norm in Q, of a numbei r 2 Q is equal
top ™, where ny(r) 2 Z is the exponent of v in the decom-
position of r as the product of a sign and powers of the prime
numbers).

Thus the local elds obtained by completich of Q are Q,, for all prime
numbers p, and R. A place v is said to be archimedean if F, is equal
to R or C. These places are in nite number for number elds and are
absent for function elds. For eacih non archimedean place v we denote
by O, the ring of integers of F~,, consisting of elements of norm 1.
For example it is Z, if F, = Q,..

In the case of functicn elds, where we denote by F the eld of
functions of X, the places are exactly the closed points of X (de ned
as the maximal ideals). The closed points are in bijection with the
orbits under Gal(F=F;) on X (F,) (Galois groups are recalled below).
For every closed pcint v of X, we denote by n, : F ¥ Z the valuation
which associates o a rational function other than 0 its vanishing order
at v. We can see O, as the F4-algebra of functions on the formal
neighboricod around v in X and F, as the F4-algebra of functions on
the punctured formal neighborhood. We denote by (v) the residue

eid of Oy; it is a nite extension of F,;, whose degree is denoted by
deg(v), therefore itisa nite eld with q@9™ elements. The normalized
norm on F associated to v sends a2 F to q IMnv@,

In the example where X = P! = Al [ 1, the unitary irreducible
polynomials in Fy[t] (which is the ring of functions on A') play a role
analoguous to that of the prime numbers in Z: the places of P! are

the place 1., at which the completion is Fq((t 1)),

the places associated to unitary irreducible polynomials in Fy[t]
(the degree of such a place is simply the degree of the polyno-
mial). For example the unitary irreducible polynomial t corre-
sponds to the point 0 2 A! and the completion at this place is

Fq((1)).
e recall that the local eld Fq((t)) consists of Laurent series, i.e. sums
noz ant” with a, 2 Fy and a, = 0 for n negative enough.
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1.4. Galois groups. If k is a eld, we denote by k an algebraic clo-
sure of k. It is generated over k by the roots of all polynomials with
coe cients in k. The separable closure kP Kk consists of the ele-
ments whose minimal polynomial over k has a non zero derivative. We
denote by Gal(k=k) = Gal(k*=k) the group of automorphisms of k
(or equivalently of k¢P) which act by the identity on k. Itis a pro nite
group, i.e. a projective limit of nite groups: an element of Gal(k=k)
is the same as a family, indexed by the nite Galois extensions k®
of k, of elements o 2 Gal(k®k), so that if k% K% o = . We
recall that k® Kk is said to be a nite Galois extension of k if it is
a nite dimensional k-vector subspace of k%P and is staile under the
action of Gal(k=k) = Gal(k**P=k) (and then Gal(k%k) is 2 nite group
of cardinal equal to the dimension of k°over k).

A simple example is given by nite elds: Gal(-4=F,) is equal to the
pro nite completion B of Zinsuch a way that 1 2 B is the Frobenius
generator x A x9 (which is an automorphism of F, equal to identity
on Fy).

We recall that for any Fy-algebrz, x @ x% is a morphism of Fg-
algebras, in particular (x +y)* = x9 +y9. For any scheme S over F,
we denote by Frobs : S ¥ S the inorphism acting on functions by
Frobg (F) = f4.

We come back to the function eld F of X. Our main object of
interest is the Galois group = Gal(F=F) = Gal(F*P=F).

By the point of view of Grothendieck developed in SGAL, we have
an equivalence between

the category of nite sets A endowed with a continuous action
of
the category of nite separable F-algebras

winere the functor from the rst category to the second one maps A to
the nite separable F-algebra ((F*¢P)A) (here (FP)A is the direct sum
of copies of F*P indexed by A and acts on each copy and permutes
them at the same time). We write = Spec(F) and — = Spec(F).
Then, for any dense open U X, has a pro nite quotient ;(U;")
such that a continuous action of on a nite set A factors through

1(U;7) if and only if Spec(((FsP)”) ) extends (uniquely) to an ftale
covering of U. We will not explain the notion of @tale morphism in
general and just say that a morphism between smooth varieties over a

eld is ftale if and only if its di erential is everywhere invertible. Thus
we have an equivalence between

the category of nite sets A endowed with a continuous action
of 1(U;7)
the category of nite @tale coverings of U.
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For any place v the choice of an embedding F F, provides an inclu-
sion Gal(F,=F,) Gal(F=F) (well de ned up to conjugation). We de-
note by Frob, 2 Gal(F=F) the image of any element of Gal(F ,=F,) lift-
ing the Frobenius generator Frobenius x @ x4 in Gal(" (v)= (v)) =
B. When U is open dense in X as above and v is a place in U, the
image of Frob, in 1(U; ™) is well de ned up to conjugation.

1.5. A lemma of Drinfeld [20]. Let U X open dense as above.
For any 1 2 | we denote by Frob; the partial Frobenius morphism
uU' ¥ U' which sends (xj)jz1 to (x0)j21 with x{ = Froby{x;) and

xJQ = x; for j & i. For any scheme T and any morphism T & U', we
say that a morphisma: T ¥ T is above Frob; if the sauare

T2 T

U 1 Frobi ,U 1
is commutative.

Lemma 1.1. We have an equivalence of categories between
the category of nite setsA endowed with a continuous action

of ( 1(U;7))",

the category of nite Gtale coveringd of U'!, equipped with
partial Frobenius maorphisms, i.e. morphismd-;;; aboveFrob;,
commuting with each other, and whose composition ksob+.

The functor from the rst category to the second one is the
@Iowing: if the action of ( 1(U;7))' on A factorizes through

i») Gal(l};=U ) where for each i, U; is a nite @tale Galois covering
of U (ard Ga:(L{U-U) is its automorphism group), then the image by
the functor is (", Ui) 9, ca=uy A equ(iﬁ)ped with the partial
Frcbenius morphisms Ftig given by  Froby, jei Idy, Ida.

1.6. Split connected reductive groups and bundles. We denote
by G, = GL; the multiplicative group. A split torus over a eld k is
an algebraic group T which is isomorphic to Gy, for some r.

A connected reductive group over a eld k is a connected, smooth,
a ne algebraic group whose extension to k has a trivial unipotent rad-
ical (i.e. any normal, smooth, connected, unipotent subgroup scheme
of it is trivial). A connected reductive group G over Kk is said to be
split if it has a split maximal torus T. Then (after chosing a Borel
subgroup containing T) the lattices Hom(G,; T) and Hom(T; G,,) are
called the coweight and weight lattices of G. The split connected reduc-
tive groups over a eld k are exactly the quotients by central nite sub-
group schemes of products of G, simply-connected split groups in the
four series SLp+1, Spinon+1, SPan, Sping,, and  ve simply-connected
split exceptional groups.
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Let G be a split connected reductive group over a eld k, and X
a scheme over k. Then a G-bundle over X is a morphism Y ¥ X,
together which an action of G on the bers which is simply transitive.
A GL,-bundle E gives rise to the vector bundle of rank r equal to
E &L, A" and the notions are equivalent.

2. Reminder on automorphic forms

For the moment we take G = GL,. When the global eld is Q, ar
automorphic form (without level at nite places) is a function cn the
quotient GL,(Z)nGL,(R) (the best known example is the paiticular
case of modular functions, for which r = 2). This quciient classi es
the free Z-modules (or, equivalently, projective Z-modulss) M of rank
r equipped with a trivialization M ;7 R = R" (i.e. an embedding of
M as a lattice in R"). Indeed if we choose a basis of M over Z its
embedding in R" is given by a matrix in Gi..(R) and the change of the
basis of M gives the quotient by GL,(Z).

Now we come back to our function eld F=. To explain the analogy
with Q we choose a place v of X (cf degiee 1 to simplify) playing the
role of the archimedean place of ©Q {(but this choice is not natural and
will be forgotten in ve lines). An analogue of a projective Z-module
M of rank r equipped with a titvialization M ;7 R = R" is a vector
bundle of rank r over X equipped with a trivialization on the formal
neighborhood around v. Now we forget the trivialization on the formal
neighborhood arcund v (because we do not want to introduce a level
at v) and then we forget the choice of v.

Thus an autcmorphic form (without level at any place) for GL, is a
function ori the set Bungy, (Fq) of isomorphism classes of vector bundles
of rank r over X.

Now w¢ consider the case of a general group G. From now on we
dericte by G a connected reductive group over F, assumed to be split
for simplicity. An automorphic form (without level) for G is a function
oni the set Bung(F,) of isomorphism classes of G-bundles over X.

Remark 2.1. This remark can be skipped. In fact the G-bundles
over X have nite automorphism groups. Therefore it is more natural
to consider Bung(F,) as a groupoid, i.e. a category where all arrows
are invertible. It is the groupoid of points over F, of the Artin stack
Bung over Fq whose groupoid of S-points (with S a scheme over F)
classi es the G-bundles over X S. We refer to [60] for the notion of
Artin stack and we say only that examples of Artin stacks are given
by the quotients of algebraic varieties by algebraic groups. In Artin
stacks the automorphism groups of the points are algebraic groups (for
example in the case of a quotient they are the stabilizers of the action).
The Quot construction of Grothendieck implies that Bung is an Artin
stack (locally it is even the quotient of a smooth algebraic variety by
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a smooth algebraic group). The automorphisms groups of points in
the groupoid Bung(F,) are nite, in fact they are the points over F; of
automorphisms groups of points in Bung, which are algebraic groups
of nite type.

It is convenient to impose a condition relative to the center Z of
G. From now on we Xx a subgroup of nite index in Bunz(F,) (for
example the trivial subgroup if Z is nite) and we consider functichs
on Bung(Fq)= . However, except when G is a torus, Bung(Fy)= s
still in nite. To obtain vector spaces of nite dimension we now restrict
ourselves to cuspidal automorphic forms.

For any eld E  Q, we denote by C*P(Bung(Fy)= :E) the E-
vector space of nite dimension consisting of cusgidal functions on
Bung(Fy)= . It is de ned as the intersection of tire kernel of all

constant term morphisms C.(Bung(Fq)= ;E) & C(Buny(Fy)= ;E)
(which are given by the correspondence Buhe(Fq) Bunp (Fy) *
Bunm (Fq) and involve only nite sums), for ali proper parabolic sub-
groups P of G with associated Levi quctient M (de ned as the quotient
of P by its unipotent radical). For readers who do not know these no-
tions, we recall that in the case of GL, a parabolic subgroup P is
conjugated to a subgroup of upicer block triangular matrices and that
the associated Levi quotient M is isomorphic to the group of block
diagonal matrices. It is legitimate in the Langlands correspondence to
restrict oneself to cusptdal automorphic forms because all automorphic
forms for G can be understood from cuspidal automorphic forms for G
and for the Levi quotients of its parabolic subgroups.

Let “ be a prime number not dividing g. To simplify the notations
we assume that Q- contains a square root of q (otherwise replace Q-
everywhere by a nite extension containing a square root of q). For
Galois representations we have to work with coe cients in Q- and Q-,
and not Q; Q and even C (to which Q- is isomorphic algebraically but
nct wepologically) because the Galois representations which are contin-
ugus with coe cients in C always have a nite image (unlike those with
coe cients in Q) and are not enough to match automorphic forms in
the Langlands correspondence. Therefore, even if the notion of cuspidal
automorphic form is (in our case of function elds) algebraic, to study
the Langlands correspondence we will consider cuspidal automorphic
forms with coe cients in E = Q- or Q-.

3. Class field theory for function fields

It was developped by Rosenlicht and Lang [77]. Here we consider
only the unrami ed case.

Let Pic be the relative Picard scheme of X over F4, whose de nition is
that, for any scheme S over Fy, Pic(S) (the set of morphisms S ¥ Pic)
classi es the isomorphism classes [E] of line bundles E on X S (a line
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bundle is a vector bundle of rank 1, so it is the same as a G,-bundle).
The relation with Bung,, is that Bung,, can be identi ed with the
quotient of Pic by the trivial action of G,.

Let Pic® be the neutral component of Pic, i.e. the kernel of the
degree morphism Pic ¥ Z. It is an abelian variety over F,, also called
the jacobian of X.

Class eld theory states (in the unrami ed case to which we restrict
ourselves in this text) that there is a canonical isomorphism

(3.1) 16 ¥, Z T Pic(Fy)

characterized by the fact that for any place v of 2, ii sends Frob,
to [O(Vv)], where O(v) is the line bundle on X whese sections are the
functions on X with a possible pole of order 1 atv.

The isomorphism (3.1) implies that for any a 2 Pic(F,) of non zero
degree we can associate to any (multiplicative) character of the nite
abelian group Pic(Fy)=aZ (with values in any eld, e.g. Q- for * prime to
q) a character () of ((X;7). We now give a geometric construction
of (), which is in fact the key steg in the proof of the isomorphism
(3.1).

The Lang isogeny L : Pic & Pic? is such that, for any scheme S over
Fq and every line bundle £ on X S, [E] 2 Pic(S) issentby L to [E *
(Frobs 1dx) (E)] 2 Pic’(S). We note that [(Frobs Idx) (E)] 2
Pic(S) is the imag2 by Fiobpi. of [E] 2 Pic(S). The Lang isogeny is
surjective and its kerneds Pic(Fq). For any nite set I and any family
(Ni)iz1 2 Z' satisfying ., ni = 0, we consider the AbeI-JEgobi mor-
phism AJ : X' ¥ Pic® sending (X;)iz1 to the line bundle O( ;,, niX;).
We forrn the ber product

Chtl ;(ni )i2| 4/Pic
p
X' —Ipjc°

AJ

L

and see that p is a Galois covering of X' with Galois group Pic(F).
Thus, up to an automorphism group Fy which we neglect, for any
scheme S over Fq, Chty.(n,,, (S) classi es

morphisms x; : S ¥ X
alinebundleEon X S P
an isomorphism E *  (Frobs 1dx) (E) * O( ;,, NiXi).

Moreover Chty.(n,,, is equipped with partial Frobenius morphisms Fy 4
sending E toE  O(nix;). The morphism F ;4 is above Frob; : X' 1 X!,
because (Frobs Idx) (O(x;)) = O(Frobs(x;j)). Taking the quotient
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by a? we obtain a nite Galois covering

Cht, HGDIFY =a’
p

XI

with Galois group Pic(Fy)=a* and equipped with the partial Frcbe-
nius morphisms F¢;q. Then Drinfeld’s lemma gives rise to a morptism
Lo - 106N B Pic(Fg)=a?. The character () of 1(X;7)
is characterized by the fact that for any I and (n;)i>, witii sum 0,
Ly = 21 ()™ and this gives in fact a coristruciion of ().

4. The Langlands correspondence for split tori

Split tori are isomorphic to Gf,, so there is nothing more than in
the case of G, = GL, explained in the previous section. Nevertheless
the isomorphism of a split torus with G;, is not canonical (because the
automorphism group of Gy, is nori trivial, equal to GL,(Z)). LetT bea
split torus over F. To obtain a canonical correspondence we introduce
the Langlands dual groug *, de ned as the split torus over Q- whose
weights are the coweights of T and reciprocally. In other words the
lattice = Hom(‘b; Gyn) 1S equal to Hom(Gy,; T). Then the Langlands
correspondence g'ves a bijection A () between

chaiacters Bunt(F,) ¥ Q- with nite image
coitinuous morphisms  (X;7) ¥ JP(@) with nite image

charactetized by the fact that for any place v of X and any 2 the
image of ( )(Froby) by P(Q-) ¥ Q- is equal to the image of O(v) by
Pic(Fq) ¥ Bunt(F;) ¥ Q. (this condition is the particular case for
tori of the condition of compatibility with the Satake isomorphism
which we will consider later for all reductive groups).

The construction of () works as in the previous section, except
that a“ has to be replaced by a subgroup  of Bunt (F,) of nite index
which is included in the kernel of , and we now have to use schemes
of T-shtukas, de ned using T-bundles instead of line bundles.

5. Reminder on the dual group

Let G be a split reductive group over F. We denote by 8 the Lang-
lands dual group of G. It is the split reductive group over Q- char-
acterized by the fact that its roots and weights are the coroots and



SHTUKAS AND LANGLANDS CORRESPONDENCE 11

coweights of G, and reciprocally. Here are some examples:

G 8
GL, | GL,
SL, | PGL,

SOzn+1 | Span
Span | SO2n+1
SOZn SOZn

and if G is one of the ve exceptional groups, 8 is of the same tvpe.
Also the dual of a product of groups is the product of the dual groups.

De nition 5.1. A global Langlands parameter is a ceniugacy class
of morphisms  : Gal(F=F) ¥ ®(Q-) factorizing through 1(U;™)
for some open dense U X, de ned over a nite extension of Q-,
continuous and semisimple.

We say that is semisimple if for any parabc!ic subgroup containing
its image there exists an associated Levi subgroup containing it. Since
Q- has characteristic 0 this means equivalently that the Zariski closure
of its image is reductive [78].

We now de ne the Hecke operators (the spherical ones, also called
unrami ed, i.e. without level). They are similar to the Laplace opera-
tors on graphs.

Let v be a place of X. if G and G%are two G-bundles over X we say
that (G% ) is a modii cation of G at v if is an isomorphism between
the restrictions of G and G°to X nv. Then the relative position is a
dominant coweignt  of G (in the case where G = GL, it is the r-uple
of elementary divisors). Let be a dominant coweight of G. We get
the Hecke correspondence

t J3
tt h h ‘JJJ%

Bung(F,) Bung(Fq)

where H,. is the groupoid classifying modi cations (G;G% ) at v with
relative position and h and h' send this object to G°and G. Then
the Hecke operator acts on functions by pullback by h  followed by
pushforward (i.e. sums in the bers) by h' . In other words

T . C&P(Bung(Fy)= ;Q:) ¥ cg“SP(B>u<ne(Fq)= ;Q:)
fa Ga f(GY
(G% )
where the nite sum is taken over all the modi cations (G% ) of G at
v with relative position

These operators form an abstract commutative algebra H,, the
so-called spherical (or unrami ed) Hecke algebra at v, and this
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algebra acts on CZUP
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decomposition (6.1) is uniquely determined by its compatibility with
the Satake isomorphism.

On the contrary, for some groups G other than GL,, according to
Blasius and Lapid [10, 50] it may happen that di erent global Lang-
lands parameters correspond to the same characters of H, for every
place v. This comes from the fact that it is possible to nd nite
groups and couples of morphisms ; ©: L| @(@) such that
and %are not conjugated but that forany 2 , ( )and A ) arte
conjugated [51, 52].

Thus for a general group G, the algebra B of excursion cuerators
may not be generated by the Hecke algebras H, for all places v and the
compatibility of the decomposition (6.1) with Hecke aperators may not
characterize it in a unique way. Therefore we wait for the construction
of the excursion operators (done in section 8) befere we write the precise
statement of our main result, which will be theorem 8.4.

7. The stacks of shtukas and their ‘-adic cohomology

The “-adic cohomology of & variety (over any algebraically closed
eld of characteristic & “) is veiv similar to the Betti cohomology of a
complex variety, but it has coe cients in Q- (instead of Q for the Betti
cohomology). For its de nition Grothendieck introduced the notions
of site and topos, which provide an extraordinary generalization of the
usual notions of topeicgical space and sheaf of sets on it.
To a topolagical space X we can associate the category whose

okjects are the open subsets U~ X
arrows U ¥ V are the inclusions UV

and we have the notion of a covering of an open subset by a family of
open subsets. A site is an abstract category with a notion of covering
of an object by a family of arrows targetting to it, with some natural
axioms. A topos is the category of sheaves of sets on a site (a sheaf of
sets F on a site is a contravariant functor of sections of F from the
category of the site to the category of sets, satisfying, for each covering,
a gluing axiom). Di erent sites may give the same topos.

To de ne the @tale cohomology of an algebraic variety X we consider
the ftale site

whose objects are the @tale morphisms

u

X
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whose arrows are given by commutative triangles of @tale mor-
phisms,

with the obvious notion of covering.

The gtale conomology is de ned with ce cients in Z=*"Z, whence Z-
by passing to the limit, and Q- by inverting “.

The stacks of shtukas, introduced by Drinfeld, play a role analogu-
ous to Shimura varieties over number elds. But they exist in a much
greater generality. Indeed, while the Shimura varieties are de ned over
the spectrum of the ring of integers of a number <cid and are associ-
ated to a minuscule coweightof the dual group, the stacks of shtukas
exist over arbitrary powers of the curve X, ¢na can be associated to
arbitrary coweights as we will see now. One simole reason for this dif-
ference between function elds and nuiviber elds is the following: in
the example of the product of two ccpies, the product X X is taken
over Fq whereas nobody knows what tire product Spec Z Spec Z should
be, and over what to take it.

Let I be a nite set and W = 5, W; be an irreducible Q--linear
representation of @' (in ather words each W; is an irreducible repre-
sentation of ®).

We de ne Cht;. as the reduced Deligne-Mumford stack over X!
whose points over g scheme S over Fq classify shtukas, i.e.

points (Xi)io; : S ¥ X!, called the legs of the shtuka ( les
paites du chtouca in French),
a G-bundle G over X S,
an 1somorphism
16 x sr®,, ¥ (Idx Frobs) ©) o g

i21 >‘i)
(where . denotes the graph of x;), such that

(7.1) the relative position at x; of the modi cation is bounded
by the dominant coweight of G corresponding to the dominant weight of W;:

The notion of Deligne-Mumford stack is in algebraic geometry what
corresponds to the topological notion of orbifold. Every quotient of an
algebraic variety by a nite @tale group scheme is a Deligne-Mumford
stack and in fact Cht,.,y is locally of this form.

Remark 7.1. Compared to the notion of Artin stacks mentioned in
remark 2.1, a Deligne-Mumford stack is a particular case where the
automorphism groups of geometric points are nite groups (instead of
algebraic groups).
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Remark 7.2. In the case of GL,, resp. split tori, we had de ned
schemes of shtukas. With the above de nition, the stacks of shtukas
are the quotients of these schemes by the trivial action of F, , resp.
T(Fo).

We denote by H,..y the Q--vector space equal to the Hecke- nite
subspace of the “-adic intersection cohomology with compact support,
in middle degree, of the ber of Cht,.w = over a generic geometric
point of X' (or, in fact equivalently, over a generic geometric point of
the diagonal X  X'"). To give an idea of intersection cohomalsgy, let
us say that for a smooth variety it is the same as the “-adic cchomology
and that for (possibly singular) projective varieties it is Poincar@ self-
dual. An element of this “-adic intersection cohoraclcgy is said to
be Hecke- nite if it belongs to a sub-Z--module of nite type stable
by all Hecke operators T ., (or equivalently by all Hecke operators
Ty.v). Hecke- niteness is a technical conditiori but Cong Xue has proven
[85] that H,.,, can equivalently be de ned by a cuspidality condition
(de ned using stacks of shtukas for parabcelic subgroups of G and their
Levi quotients) and that it has nite aimeansion over Q-.

Drinfeld has constructed partial Frobenius morphisms between
stacks of shtukas. To de ne them we need a small generalization of
the stacks of shtukas where we require a factorization of as a compo-
sition of several modi cations. Let (I4;:::; Ik) be an ordered partition of
I. An example is the coarse partition (1) and in fact the stack Cht,.y
previously de ned is equal to Chtf';\),v in the following de nition.

De nition 7.2. We de ne Chtf';\l,\’,'""k) as the reduced Deligne-Mumford
stack whose npotints over a scheme S over F, classify

(72) (X.)i2|;Go ! Gl i X ! Gk 1 ! (|dx FFObs) (Go)
withi

Xi2(XrN)@S)fori2l,

fori2 f0;::;;k  1g, Gj is a G-bundle over X S and we write

Gk = (Idx Frobs) (Gp) to prepare the next item,
for j 2 f1;:::; kg

e S | : S
J'GJ L x s)yr( 21, xi) GJ X 9rC iz x)

is an isomorphism such that the relative position of G; ; with
respect to G; at x; (for i 2 1) is bounded by the dominant
coweight of G corresponding to the dominant weight of W;.

We can show that the obvious morphism Cht{'y™' ¥ Cht,w
(which forgets the intermediate modi cations Gg;:::; Gk 1) gives an iso-
morphism at the level of intersection cohomology. The interest of

Cht{!s") is that we have the partial Frobenius morphism Frob, :
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Cht{ly " ¥ Cht{'z; ") which sends (7.2) to

(X?)iZI;Gl i “ Gk 1 L (ldx Frobs) (Go)
(ox Frobs) Caf (19 Frobs) (Gy)

where x? = Frob(x;) if i 2 1, and x{ = x; otherwise. Taking I, to be
a singleton we get the action on H,.y of the partial Frobenius mor-
phisms. Thanks to an extra work (using the Hecke- niteness conaition
and Eichler-Shimura relations), we are able in [47] to apply Drinield’s
lemma, and this endows the Q--vector space H,., with a continuous
action of Gal(F=F)'.

For I = ; and W =1 (the trivial representation), we have

(7.3) H... = C;*P(Bung(Fq)= ;Q-):
Indeed the S-points over Cht. .; classify the G-buidles G over X S,
equipped with an isomorphism

.G ¥ (ldx Frobs) (G):

If we see G as a S-point of Bung, (1dx Frobs) (G) is its image by
Frobgun, - Therefore Cht..; classt es the xed points of Frobgy,, and
it is dicrete (i.e. of dimension Q) and equal to Bung(F). Therefore the
‘-adic cohomology of Cht..; = is equal to C.(Bung(Fy)= ;Q-) and in
this particular case it !s easy to see that Hecke- niteness is equivalent
to cuspidality, so that (7.3) holds true.

Up to now we de ned a vector space H,., for every isomorphism
class of irreducible representation W = 5, W; of 8'. A construction
based on the geometric Satake equivalence enables to

a) 0e ne H,. functorialy in W
H) understand the fusion of legs

as explained in the next proposition.
Proposition 7.4. a) For every nite set I,
WA Hiw;, u?® H(u)

is a Q--linear functor from the category of nite dimensional repre-
sentations of @' to the category of nite dimensional and continuous
representations ofGal(F=F)'.

This means that for every morphism

u:w ¥ we
of representations of@', we have a morphism
H(U) . H|;W L] H|;W0

of representations ofGal(F=F)'.
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b) For each map : 1 ¥ J between nite sets, we have an isomor-
phism
cHiw 7 Haw
which is

functorial in W, where W is a representation of®' and W
denotes the representation dB? on W obtained by composition
with the diagonal morphism

@7 ¥ 85020 A @ @)
Gal(F =F )’-equivariant, whereGal(F=F)’ acts on the LHS by
the diagonal morphism
Gal(F=F)’ ¥ Gal(F=F)"; ()iza ® L yizrs

and compatible with composition, i.e. forevery ¥ J ¥ K we
have =

The statement b) is a bit complicated, here is a basic example of
it. For every nite set I we write ; : ! ¥ f0g the tautological map
(where f0g is an arbitrary choice ot notation for a singleton). If W,

and W, are two representaticns of @, the statement of b) provides a
canonical isomorphism

(7.4)
associated to 1.0 @ t1;29 ¥ f0g. We stress the di erence between
W; W, which 1s a representation of (@)2 and W; W, which is a

representation of .
Another exainple of b) is the isomorphism on the left in

f1:29 : Hfl;ZQZW1 W i Hng;W1 Wa

1
X _ 7.3
(7.5) Hroga T H: 1 = Cc*P(Bung(Fq)= ; Q)

which is associated to ; : ; ¥ f0g (the idea of the isomorphism s
that H. .; resp. H; g1 is the conomology of the stack of shtukas without
legs, resp. with a inactive leg, and that they are equal). Thanks to

(7.5) we are reduced to construct a decomposition
M

(7-6) Hng;l Q: 62 H :

Idea of the proof of proposition 7.4. We denote by Cht, the
inductive limit of Deligne-Mumford stacks over X', de ned as Cht;.,y
above, but without the condition (7.1) on the relative position. In other
words, and with an extra letter G to prepare the next de nition, the
points of Cht, over a scheme S over F, classify

pOintS (Xi)iZI :S ¥ XI,

two G-bundles G and G%over X S,
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a modi cation at the x;, i.e. an isomorphism

. § 0
16 y T el )

an isomorphism :G° ¥ (ldx Frobs) (G).
We introduce the prestack M, of modi cations on the formal neigh-
borhood of the X; , whose points over a scheme S over F, classify
pOintS (Xi)i2l S ¥ XI,
two G-bundles G and G° on the formal completion X =8 of

X S in the neighborhood of the union of the graphs
a modi cation at the x;, i.e. an isomorphism

S
X 9)r( i x

: s F o s :
16 o 21 %) G o 21 )

The expert reader will notice that for any morphismS ¢ X' M, xS
is the quotient of the a ne grassmannian of Beilirison-Drinfeld over S
by (XTS:G). We have a formally smooth irorphism | : Cht, ¥
M, given by restricting G and G° to the forinal neighborhood of the
graphs of the x; and forgetting

The geometric Satake equivalence, due to Lusztig, Drinfeld,
Ginzburg and Mirkovic-Vilonen [7, 69], is a fundamental statement
which constructs ® from G and is the cornerstone of the geometric
Langlands program. It is a canonical equivalence of tensor categories
between

the category of perverse sheaves on the ber of Mg above any
point of X (where fOg is an arbitrary notation for a singleton)

the tensor category of representations of .

For the noin expert reader we recall that perverse sheaves, introduced
in [9], behave like ordinary sheaves and have, in spite of their name,
very good properties. An example is given by intersection cohomology
sheaves of closed (possibly singular) subvarieties, whose total cohomol-
0gy is the intersection cohomology of this subvarieties.

The tensor structure on the rst category above is obtained by fu-
sion of legs , thanks to the fact that My .4 is equal to Moy Mg
outside the diagonal of X2 and to Mgqq on the diagonal. The rst

category is tannakian and 8 is de ned as the group of automorphisms
of a natural ber functor.

This equivalence gives, for every representation W of &' a perverse
sheave S;.w on M, with the following properties:

Si.w is functorial in W,

for every surjectivemap I ¥ J, S,y is canonically isomorphic
to the restriction of S;.w to M, 1 X7 7 My, where X7 ¥ X!
is the diagonal morphism,

for every irreducible representation W, S,.\ is the intersection
cohomology sheaf of the closed substack of M, de ned by the
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condition (7.1) on the relative position of the modi cation at

the X;.
Then we de ne H,.w as the Hecke- nite subspace of the cohomology
with compact support of ,(S;.w) on the ber of Cht; = over a geo-
metric generic point of X' (or, in fact equivalently, over a geometric
generic point of the diagonal X  X'). The rst two properties above
imply a) and b) of the proposition. The third one and the smooth-
ness of , ensure that, for W irreducible, ,(S,.w) is the intersecticn
cohomology sheaf of Cht,.,y and therefore the new de nition cf H,.w
generalizes the rst one using the intersection cohomology of Cht;.y .

8. Excursion operators and the main theorem of [47]

Let I be a nite set. Let ( )2y 2 Gal(F=F)'. Let W be a repre-
sentation of ' and x 2 W and 2 W be invariarit by the diagonal
action of 8. We de ne the endomorphism S;.w-« :( ),, Of (7.5) as the
composition

(8.1)

Hng;l

1

H( Cidag

H(
- Hf 0g;1

where 1 denotes the trivial reprasentation of 8,andx:1 ¥ W' and
W ' X 1 are considerea as morphisms of representations of ¢} (we

recall that | : 1 ¥ ¥0g is the obvious map and that W ' is simply the

vector space W egutpped with the diagonal action of @).
Paraphrasing {8.1) this operator is the composition

of a creation operator associated to x, whose e ect is to create
leas at the same (generic) point of the curve,

of a Galois action, which moves the legs on the curve inde-
nendently from each other, then brings them back to the same
(generic) point of the curve,

of an annihilation operator associated to

It is called an excursion operator because it moves the legs on the
curve (this is what makes it non trivial).
To W; x; we associate the matrix coe cient f de ned by

(8.2) T((9i)i21) =h ;(Gi)i21 Xi:

We see that f is a function on @' invariant by left and right translations
by the diagonal 8. In other words f 2 O(Gn8'=8), where Gnd'=6
denotes the coarse quotient, de ned as the spectrum of the algebra of
functions f as above. Unlike the stacky quotients considered before,
the coarse quotients are schemes and therefore forget the automorphism
groups of points.

For every function f 2 O(Gn@'=8) we can nd W;x; such that
(8.2) holds. We show easily that Sy.wx. :(,),, does not depend on
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the choice of W;x; satisfying (8.2), and therefore we denote it by
Sl:f:( iJiz1

The conjectures of Arthur and Kottwitz on multiplicities in vector
spaces of automorphic forms and in the cohomologies of Shimura va-
rieties [4, 43] give, by extrapolation to stacks of shtukas, the following
heuristics.

Remark 8.1. Heuristically we conjecture that for every global L.ang-
lands parameter  there exists a Q--linear representation A of its
centralizer S ¢} (factorizing through S =Zg), so that we have a
Gal(F =F)'-equivariant isomorphism

M

~ 2 S

where W 1 is the Q--linear representation of Ga!{*=F)' obtained by
composition of the representation W of O with the morphism ! :
Gal(F=F)' ¥ 8(Q-)', and S acts diagonaily. We conjecture that
(8.3) is functorial in W, compatible to  and that it is equal to the
decomposition (7.6) when W =1 (so that H = (A )% ).

In the heuristics (8.3) the encioimeiphism Sy )., = St:wix: :( 1)ias
of

—— .1 . - ? M s
Hng:l ¢ & TH.4 o Q- = (A)
acts on (A )° by the composition

Ida i(A WI)S ((i))iZ! (A WI)S

1

T (A 15 TA)S

(A) 1@ 1)°

Ida

i.e. by the scalar

hsCCi)izr xi=F ( (i) :
in other words we should have
(8.4)
H £ eigenspace of the S;.¢. ,y,, with the eigenvalues ¥ ( ( i))iz1 :
The heuristics (8.4) clearly indicates the path to follow. We show

in [47] that the S;.r,(,),, generate a commutative Q--algebra B and
satisfy some properties implying the following proposition.

Proposition 8.2. For each character of B with values inQ- there
exists a unique global Langlands parametersuch that for alll; f and
( )iz21, we have

(8.5) (Sl:f:( i)i2|) =F(( ())i21):
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The unicity of in the previous proposition comes from the fact that,
for any integer n, taking I = f0;:::; ng, the coarse quotient dnd'=8
identi es with the coarse quotient of (@)n by diagonal conjugation by
8, and therefore, for any (1,5 n) 2 (Gal(F=F))", (8.5) applied to
( iz1 = (@; 1;:5; ) determines ( ( 1);::; () up to conjugation
and semisimpli cation (thanks to [75]). The existence and continuity
of are justi ed thanks to relations and topological properties satis ed
by the excursion operators.

Since B is comnutative we obtain a canonical spectral decomposttion
Hiog1 o Q- = H where the direct sum is taken over characters
of B with values in Q-. Associating to each a unique glsial Langlands
parameter as in the previous proposition, we deduce tiie decomposi-
tion (7.6) we wanted to construct. We do not knov if B is reduced.

Moreover the unrami ed Hecke operators are particular cases of ex-
cursion operators: for every place v and for every irreducible represen-
tation V of & with character v, the unramt ed Hecke operator Ty., IS
equal to the excursion operator St 1.pg-f.(con, -1y Where £ 2 O(@n(@)Z:@)
is given by F(01;02) = v (0109, %), and Frob, is a Frobenius element at
v. This is proven in [47] by a geometric argument (essentially a com-
putation of the intersection of algenraic cycles in a stack of shtukas).
It implies the compatibility ot tire decomposition (7.6) with the Satake
isomorphism at all places.

Remark 8.3. By the Chebotarev density theorem, the subalgebra of
B generated by ai! the Hecke algebras H, is equal to the subalgebra
generated by the axcursion operators with ]I = 2. The remarks at
the end of secticn 6 show that in general it is necessary to consider
excursion operators with J1 > 2 to generate the whole algebra B.

Finaliy we can state the main theorem.
Theorem 8.4. We have a canonical decomposition @--vector spaces
M

(8.6) C*P(Bung(Fg)= ;Q)= H;

where the direct sum in the RHS is indexed by global Langlands param-
eters , i.e. @(@)-conjugacy classes of morphisms : Gal(F=F) 1
@(@) factorizing through ,(X;7), de ned over a nite extension of
Q-, continuous and semisimple.
This decomposition is uniquely determined by the following property
: H is equal to the generalized eigenspace associated to the character
of B de ned by

(8.7) (Slif:( i)i2|) =F(( ()2t

This decomposition is respected by the Hecke operators and is com-
patible with the Satake isomorphism at all placesof X.
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Everything is still true with a level (a nite subscheme N of X). We
denote by Bung:n (Fg) the set of isomorphism classes of G-bundles over
X trivialized on N. Then we have a canonical decomposition

. M
(8.8) CM*P(Bung.n(Fo)= ;Q-) = H :

where the direct sum is taken over global Langlands parameters

(X rN;7) ¥ 8(Q-). This decomposition is respected by all Hecke
operators and compatible with the Satake isomorphism at all claces of
X r N. If G is split we have, by [80],

(8.9) Bungn (Fq) = G(F)NG(A)=Ky

(where A is the ring of adtles, O is the ring of integrai adtles, Oy the
ring of functions on N and Ky = Ker(G(O) ® G{Oyn))). When G
is non necessarily split the RHS of (8.9) must he replaced by a direct
sum, indexed by the nite group ker*(F;G), cf adelic quotients for
inner forms of G and in the de nition of gicbal Langlands parameters
we must replace ] by the L-group (se2 [11ij for L-groups).

We have a statement similar to theorem 8.4 with coe cients in F-
instead of Q-.

We can also consider the case of metaplectic groups thanks to the
metaplectic variant of the geomeiric Satake equivalence due to Finkel-
berg and Lysenko [29, 65, 34].

Remark 8.5. Drinfeld gave an idea to prove something like the heuris-
tics (8.3) but it is a bit di cult to formulate the result. Let Reg be

the left regular representation of ® with coe cients in Q- (considered
as an inguctive limit of nite dimensional representations). We can
endow the Q--vector space Hiog.reg (Of in nite dimension in general)
with
a) astructure of module over the algebra of functionsonthe a ne
space S of morphisms : Gal(F=F) ¥ & with coe cients in
Q--algebras
b) an algebraic action of & (coming from the right action of & on
Reg) which is compatible with conjugation by 8 on S.
The space S is not rigorously de ned and the rigorous de nition of
structure a) is the following. For any nite dimensional Q--linear rep-
resentation V of ®, with underlying vector space V, Hogreg V. IS
equipped with an action of Gal(F=F), making it an inductive limit of
nite dimensional continuous representations of Gal(F=F), as follows.
We have a @-equivariant isomorphism

‘Reg V. " Reg V
f x2[g2 f(9)g9:x]
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where @ acts diagonally on the RHS, and to give a meaning to the for-
mula the RHS is identi ed with the vector space of algebraic functions
& ¥ V. Therefore we have an isomorphism

Hng;Reg l: Hng;Reg A | Hng;Reg \Y ” HfO;lg;Reg \Y

where the rst equality is tautological (since V_is just a vector space)
and the last isomorphism is the inverse of the fusion isomorphism .

of (7.4). Then the action of Gal(F=F) on the LHS is de ned as the
action of Gal(F=F) on the RHS corresponding to the leg 1. If V;
and V, are two representations of 8, the two actions of Gal(F=F)
on Hiogreg Vi V2 associated to the actions of @ on V; and Vs,
commute with each other and the diagonal actior: of Gal(F=F) is the
action associated to the diagonal action of 8 on vy V. This gives a
structure as we want in a) because if V is as above, x 2V, 2V ,f
is the function on @ de ned as the matrix coe cient (@) =h ;g:xi,
and 2 Gal(F=F) then we say that F;. : 7 f( ( )), considered as
a function on S , acts on Hsog.reg 2y the composition

Id < Id

Hng;Reg ! Hng;Reg AON\E Hng;Reg l L] Hng;Reg:

Any function f on 8 can be written as such a matrix coe cient, and
the functions F¢. when § aind  vary are supposed to generate topo-
logically all functions cn' S . The property above with V; and V, implies
relations among the Fr, , namely that Fr,, , = Fr . .F¢,, , if the
image of £ by corrultiplication is f, f,. In [84] Xinwen Zhu
gives an eguivalent construction of the structure a). Structures a) and
b) are compatible in the following sense: the conjugation gFs. g ! of
the action of Fr, on Hiogreg DY the algebraic action of g 2 8 is equal
to tne action of Fge. where £9(h) = f(g *hg).

The structures a) and b) give rise toa O-module on the stack S=@ of
global Langlands parameters (such that the vector space of its global
sections on S is Hrogreg). FOr any morphism : Gal(F=F) 1 &(Q.),
we want to de ne A as the ber of this O-module at  (considered as
a Q--point of S whose automorphism group in the stack S=@is S ).
Rigorously we de ne A as the biggest quotient of Hiogrey o Q- ON
which any function F¢. as above acts by multiplication by the scalar
f( ()),andS actson A . If the heuristics (8.3) is true it is the same
as A from the heuristics. When is elliptic (i.e. when S =Z is nite),

is isolated in S in the sense that it cannot be deformed (among
continuous morphisms whose composition with the abelianization of ]
is of xed nite order) and, as noticed by Xinwen Zhu, heuristics (8.3)
is true when we restrict on both sides to the parts lying over . In
general due to deformation of some non elliptic  there could a priori
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be nilpotents, and for example we don’t know how to prove that B is
reduced so we don’t know how to prove the heuristics (8.3).

We can see the heuristics (8.3), and the structures a) and b) above,
as an illustration of the general idea that, in a spectral decomposi-
tion, when the points of the spectrum naturally have automorphism
groups, the multiplicities should be associated to representations of
these groups. By contrast the algebra B of excursion operators gives
the spectral decomposition with respect to the coarse quotient assc¢i-
ated to S=@, where we forget the automorphism groups S .

Remark 8.6. The previous remark makes sense although S was not
de ned. To de ne a space like S rigorously it may be necessary to
consider continuous morphisms : Gal(F=F) X 8 with coe cients in
Z--algebras where “ is nilpotent (such have nite irmage), and S would
be an ind-scheme over Spf Z.. Then to de ne structure a) we would
need to consider Reg with coe cients in Z-. and, for any representation
W of @' with coe cients in Z-, to construct Hy\w as a Z--module.

9. Local aspects: joint work with Aiain Genestier

In [40], Alain Genestier and ! construct the local parameterization
up to semisimpli cation and the local-global compatibility.

Let G be a reductive jroiip over a local eld K of equal character-
istics. We recall that the Bernstein center of G(K) is de ned, in two
equivalent ways, as

the center of tie category of smooth representations of G(K),
the aigebra of central distributions on G(K) acting as multipli-
ers on the algebra of locally constant functions with compact
support.

On every Q--linear irreducible smooth representation of G(K), the
Beiristein center acts by a character.

T he main result of [40] associates to any character of the Bernstein
center of G(K) with values in Q- a local Langlands parameter «( ) up
to semisimpli cation , i.e. (assuming G split to simplify) a conjugacy
class of morphisms Weil(K=K) ¥ @(@) de ned over a nite extension
of Q-, continuous and semisimple.

We show in [40] the local-global compatibility up to semisimplication,
whose statement is the following. Let X be a smooth projective and
geometrically irreducible curve over Fq and let i be a level. Then if

is a global Langlands parameter and if = v IS an irreducible
representation of G(A) such that K~ is non zero and appears in H in
the decomposition (8.8), then for every place v de X we have equality
between

the semisimpli cation of the restriction of to Gal(F,=F,)
Gal(F=F),
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the semisimple local parameter ( ) where is the charac-
ter of the Bernstein center by which it acts on the irreducible
smooth representation , of G(K).

We use nearby cycles on arbitrary bases (Deligne, Laumon,
Gabber, Illusie, Orgogozo), which are de ned on oriented products
of toposes and whose properties are proven in [74] (see also [42]
for an excellent survey). Technically we show that if all the ;
are in Gal(F,=F,) Gal(F=F) then the global excursion operatoy
Si:f:( )iy 2 End CE™P(Bung.n(Fq)= ; Q<) acts by multiplicaticr: by
an element z ¢ ,),, of the “-adic completion of the Bernstein center
of G(F,) which depends only on the local data at v. We construct
Z1.1.( 1), Using stacks of restricted shtukas , which are analogues of
truncated Barsotti-Tate groups.

Remark 9.1. In the case of GL, the local correspecndence was known
by Laumon-Rapoport-Stuhler [57] and thu local-global compatibility
(without semisimpli cation) was proven i {44]. Badulescu and Hen-
niart explained us that in general we cannot hope more that the local-
global compatibility up to semisimplicaiion.

10. Incependence on *

Grothendieck motives (cver a given eld) form a Q-linear category
and unlfy the “-adic cchomoiogies (of varieties over this eld) for di er-
ent “: a motive is a factor in a universal cohomology of a variety . We
consider here motives over F. We conjecture that the decomposition

_ M
C*P(Bung(Fg)= ;Q)= H

we have coinstructed is de ned over Q (instead of Q-), indexed by mo-
tivic Langlands parameters , and independent on “. This conjecture
seems out of reach for the moment.

The notion of motivic Langlands parameter is clear if we admit
the standard conjectures. A motivic Langlands parameter de ned
over Q would give rise to a compatible family of morphisms .
Gal(F=F) 1 6(Q.) for any ‘ not dividing q and any embedding

: Q ,! Q.. When G = GL,, the condition of compatibility is
stralghtforward (the traces of the Frobenius elements should belong
to Q and be the same for all * and ) and the fact that any irreducible
representation (with determinant of nite order) for some  belongs to
such a family (and has therefore compagnons for other “ and ) was
proven as a consequence of the Langlands correspondence in [44].
was generalized in the two following independent directions

Abe [2] used the crystalline cohomology of stacks of shtukas to
construct crystalline compagnons,
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when F is replaced by the eld of rational functions of any
smooth variety over Fg, Deligne proved that the traces of Frobe-
nius elements belong to a nite extension of Q and Drinfeld
constructed these compatible families [18, 25, 28].

For a general reductive group G the notion of compatible family is
subtle (because the obvious condition on the conjugacy classes of the
Frobenius elements is not su cient). In [26] Drinfeld gave the right
conditions to de ne compatible families and proved that any continuous
semisimple morphism Gal(F=F) ¥ 8(Q.) factorizing through (L")
for some open dense U X (and such that the Zariski closure of its
image is semisimple) belongs to a unique compatible family.

11. Conjectures on Arthur parameters

We hope that all global Langlands parameters which appear in this
decomposition come from elliptic Arthur parameters, i.e. conjugacy
classes of continuous semisimple morphisms Gal(F=F) SL,(Q:) ¥
@(@) whose centralizer is nite moduio the center of ®. This SL,
should be related to the Lefschetz &L, acting on the intersection co-
homology of compacti cations of stacks of shtukas. We even hope
a parameterization of the vector scace of discrete automorphic forms
(and not only cuspidal on&s) indexed by elliptic Arthur parameters.

Moreover we expect that generic cuspidal automorphic forms ap-
pear exactly in H such that s elliptic as a Langlands parameter
(i.e. that it comes from an elliptic Arthur parameter with trivial SL,
action). This would imply the Ramanujan-Petersson conjecture (an
archimedean «stimate on Hecke eigenvalues).

By [27] the conjectures above would also imply p-adic estimates on
Hecke eigerivaiues which would sharper than those in [46].

12. Recent works on the Langlands program for
function fields in relation with shtukas

In[1] G. B ckle, M. Harris, C. Khare, and J. Thorne apply the results
explained in this text together with Taylor-Wiles methods to prove (in
the split and everywhere unrami ed situation) the potential automor-
phy of all Langlands parameters with Zariski-dense image. Thus they
prove a weak form of the Galois to automorphic direction.

In [86] Zhiwei Yun and Wei Zhang proved analogues of the Gross-
Zagier formula, namely equality between the intersection numbers of
some algebraic cycles in stacks of shtukas and special values of deriva-
tives of L-functions (of arbitrary order equal to the number of legs).

In [83] Liang Xiao and Xinwen Zhu construct algebraic cycles in
special bers of Shimura varieties. Their construction was inspired by
the case of the stacks of shtukas and is already new in this case (it gives
a conceptual setting for the Eichler-Shimura relations used in [47]).
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13. Geometric Langlands program

The results explained above are based on the geometric Satake equiv-
alence [69], and are inspired by the factorization structures studied by
Beilinson and Drinfeld [8]. The geometric Langlands program was pi-
oneered by Drinfeld [21] and Laumon [58], and then developped itself
in two variants, which we will discuss in turn.

13.1. Geometric Langlands program for ‘-adic sheaves. Let X
be a smooth projective curve over an algebraically closed eld &f char-
acteristic di erent from *.

For any representation W of &' the Hecke functor

is given by
tw(F) =0d1 qo(F)  Frw

where Bung * Hecke,  Bung X' is the Hecke correspondence
classifying modi cations of a G-bundiz at the x;, and F;., is de ned
as the inverse image of S,.y by the natural formally smooth morphism
Hecke, ¥ M,.

Let be a ®-local system oni X. Then F 2 DY(Bung; Q-) is said to
be an eigensheaf for if we have, for any nite set I and any repre-
sentation W of (@)', an issmorphism ,.w(F) ¥ F W , functorial
in W and compatible G exierior tensor products and fusion. The con-
jecture of the geometric Langlands program claims the existence of an

-eigensheaf F (it should also satisfy a Whittaker normalization con-
dition which 1 particular prevents it to be 0). For G = GL, this
conjecture was proven by Frenkel, Gaitsgory, Vilonen in [30, 32]

When X, Bung, and F are de ned over F, (instead of F;), a
constructicn of Braverman and Varshavsky [82] produces subspaces of
cohomology classes in the stacks of shtukas and this allows to show
that tne function given by the trace of Frobenius on F belongs to the
factor H of decomposition (8.6), as explained in section 15 of [47].

The “-adic setting is truly a geometrization of automorphic forms
over function elds, and many constructions were geometrized: Braver-
man and Gaitsgory geometrized Eisenstein series [12], and Lysenko ge-
ometrized in particular Rankin-Selberg integrals [63], theta correspon-
dences [64, 65, 48], and several constructions for metaplectic groups
[67, 68].

13.2. Geometric Langlands program for D-modules. Now let X
be a smooth projective curve over an algebraically closed eld of char-
acteristic 0. A feature of the setting of D-modules is that one can
upgrade the statement of Langlands correspondence to a conjecture
about an equivalence between categories on the geometric and spectral
sides, respectively. See [33] for a precise statement of the conjecture
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and [36] for a survey of recent progress. Such an equivalence can in
principle make sense due to the fact that Galois representations into
8, instead of being taken individually, now form an algebraic stack
LocSysg classifying B-local systems, i.e. 8-bundles with connection
(by contrast one does not have such an algebraic stack in the “-adic
setting).

On the geometric side, one considers the derived category of
D-modules on Bung, or rather a stable 1.-category enhancing it.
It is denoted D-mod(Bung) and is de ned and studied in [i9].
The category on the spectral side is a certain modi cation of
QCoh(LocSysg), the (derived or rather 1.-) category of quasi coherent
sheaves on the stack LocSysy. The modi caticn in guestion is
denoted IndCohyip(LocSysg), and it has to do witir the fact that
LocSysg is not smooth, but rather quasi-smoothia.k.a. derived locally
complete intersection). The di erence between fnidCohyip(LoCSysg)
and QCoh(LocSysg) is measured by sii:guiar support of coherent
sheaves, a theory developed in [3]. The introduction of Nilp in [3]
was motivated by the case of P! [45} and the study of the singular
support of the geometric Eisenstein series. In terms of Langlands
correspondence, this singular suppoirt may also be seen as accounting
for Arthur parameters. More precisely the singularities of LocSysg
are controlled by a stack Sing(!.ocSysg) over LocSysg whose ber
over a point is the iH * of the cotangent complex at , equal to
HizCX;B ) = HE(X;0 ) 7 H3R(X; b ) where the rst isomorphism
is Poincarf duaiity and the second depends on the choice of a
non-degenerate ad-iinvariant symmetric bilinear form on . Therefore
Sing(LocSysy) is identi ed to the stack classifying ( ;A), with

2 LocSysy and A an horizontal section of the local system b
associated to  with the adjoint representation of 8. Then Nilp is the
cone of Sing(LocSysg) de ned by the condition that A is nilpotent. By
the Jacobson-Morozov theorem, any such A is the nilpotent element
associated to a morphism of SL, to the centralizer of in 8, ie. it
comes from an Arthur parameter. The singular support of a coherent
sheaf on LocSysg is a closed substack in Sing(LocSysg). The category
IndCohyip(LocSysg) (compared to QCoh(LocSysg)) corresponds to
the condition that the singular support of coherent sheaves has to be
included in Nilp (compared to the zero section where A = 0). The
main conjecture is that there is an equivalence of categories

(13.1) D-mod(Bung) * IndCohy;ip(LocSysg):

Something weaker is known: by [33], D-mod(Bung) lives" over
LocSysg in the sense that QCoh(LocSysg), viewed as a monoidal cate-
gory, acts naturally on D-mod(Bung). Note that QCoh(LocSysg) acts
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on IndCohy;ip(LocSysg) (one can tensor a coherent complex by a per-
fect one and obtain a new coherent complex) and the conjectured equiv-
alence (13.1) should be compatible with the actions of QCoh(LocSysg)
on both sides.

Theorem 8.4 (re ned in remark 8.5) can be considered as an arith-
metic analogue of the fact that D-mod(Bung) lives" over LocSysg (cu-
riously, due to the lack of an “-adic analogue of LocSysg, that result
does not have an analogue in the “-adic geometric Langlands programi,
even if the vanishing conjecture proven by Gaitsgory [32] goec in this
direction). And the fact that Arthur multiplicities formula is stiil un-
proven in general is parallel to the fact that the equivalence {13.1) is
still unproven.

When G = T is a torus, there is no ai erence between
QCoh(LocSysy) and IndCohyip(LocSysy). In this case, the desired
equivalence QCoh(LocSysy) * D-mod(Buns) is & theorem, due to
Laumon [56].

The formulation of the geometric L.angiands correspondence as an
equivalence of categories (13.1), and even more the proofs of the results,
rely on substantial developments ir: the iechnology, most of which had
to do with the incorporation of the tools of higher category theory and
higher algebra, developed by J. L.urie in [62, 61]. Some of the key con-
structions use categories of D-modules and quasi-coherent sheaves on
algebro-geometric objects imcre general than algebraic stacks (a typi-
cal example is the moduii space of G-bundles on X equipped with a
reduction to a suigrcup at the generic point ofX).

13.3. Work of Gaitsgory and Lurie on Weil’s conjecture on
Tamagawva numbers over function elds. In [37, 38] (see also [35])
Gaitsgory and Lurie compute the cohomology with coe cients in Z- of
the stack Bung when X is any smooth projective curve over an alge-
biraically closed eld of characteristic other than “, and G is a smooth
a e group scheme over X with connected bers, whose generic ber is
semisimple and simply connected. They use in particular a remarkable
geometric ingredient, belonging to the same framework of factoriza-
tion structures [8] (which comes from conformal eld theory) as the
geometric Satake equivalence. The Ran space of X is, loosely speak-
ing, the prestack classifying non-empty nite subsets Z of X. The
a ne grassmannian Grran is the prestack over the Ran space classify-
ing such a Z, a G-bundle G on X, and a trivialization of G on XnZ.
Then the remarkable geometric ingredient is that the obvious mor-
phism Grran ¥ Bung;(Z;G; ) ® G has contractible bers in some
sense and gives an isomorphism on homology. Note that when k = C
and G is constant on the curve, their formula implies the well-known
Atiyah-Bott formula for the cohomology of Bung, whose usual proof is
by analytic means.
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Now assume that the curve X is over F,. By the Grothendieck-
Lefschetz trace formula their computation of the cohomology of Bung
over F, gives a formula for jBung(Fg)j, the number of Fy-points on
the stack Bung. Note that since Bung is a stack, each isomorphism
class y of points is weighted by m, where Aut, is the algebraic

group of automorphisms of y, and Auty (F;) is the nite group of its F4-
points. Although the set of isomorphism classes y of points is in nite,
the weighted sum converges. Gaitsgory and Lurie easily reinterpiet
JBung(Fy)j as the volume (with respect to some measure) of the quo-
tient G(A)=G(F) (where F is the function eld of X and A is its ring
of adtles) and prove in this way, in the case of function eids, a for-
mula for the volume of G(A)=G(F) as a product of !ccai factors at all
places. This formula, called the Tamagawa number focrmula, had been
conjectured by Weil for any global eld F.

Over number elds Bung does not make senrse, ciiiy the conjecture of
Weil on the Tamagawa number formula rerizains and it had been proven
by Kottwitz after earlier works of Langlaras and Lai by completely
di erent methods (residues of Eisenstein series and trace formulas).

14. Homage to Alexandre Grotihendieck (1928-2014)

Modern algebraic geometry was built by Grothendieck, together with
his students, in the realm of categories: functorial de nition of schemes
and stacks, Quot constructicn for Bung, tannakian formalism, topos,
gtale cohomology, miotives. His vision of topos and motives already
had tremendous consequences and others are certainly yet to come.
He also had & strong in uence outside of his school, as testi ed by the
rise of higher categories and the work of Beilinson, Drinfeld, Gaitsgory,
Kontsevict, Lurie, Voevodsky (who, sadly, passed away recently) and
many othiers. He changed not only mathematics, but also the way we
thini about it.
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