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Motivation
Suppose 0 i n, we have:

y4 if i=0o0ri=nandnisodd
H'(RP",Z)={Z/2Z if i >0 is even
0 else.

Theorem (Fasel, 2013)
_ GW(k) ifi=0ori=n and n is odd
CH (P ={z ifi > 0 is even
2Z else
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Question
@ A motivic explanation?

@ How about projective bundles?

o
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Chow Groups

e CH"(X) = Zfcycles of codimension ng/rational equivalence:

x i
Dyexo v k(y) L@yex(n)z—>o'
CH"(X)

@ Projective bundle theorem:
CH'(P(E)) = RS cHr=i(X) P(E) = @S x(i)[2i].

@ Chern class:

a(E) 2 CH'(X).
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Chow-Witt Groups

Suppose X is smooth and L 2 Pic(X). We have the Gersten complex:

div div
B, cxn-n KV KWL ) T @,y SWEKO) L ) T @, oy WO, L))

‘H

CcH"(X, L)
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Chow-Witt Groups

@ Suppose X is celluar. We have a Cartesian square:

CH"(X) —— ker(d)  CH"(X) —— H?(X(C),Z) .

| | e

HY (X, 1) ———— CH™(X) /2 ——— H™ (X, I

|

H"(X(R), 2)

@ Pontryagin class

@ Bockstein image of Stiefel-Whitney classes

@ Orientation class
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Four Motivic Theories

@ Suppose K= MW M, W, M/2. We have a homotopy Cartesian:

MW —— W .

|

M—— M/2

Definition

Define the category of effective K-motives over S with coefficients in R:

DME =D[(X Al ¥ X))

where D is the derived category of Nisnevich sheaves with K-transfers.

o K= MW =) Milnor-Witt Motives
e K= M =) Voevodsky’s Motives
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Four Motivic Theories

Theorem (BCDF@, 2020)
For any X 2 Sm/S and n 2 N, we have

[X.Z(n)[2nllk = CH' (X), CH"(X), CH"(X)/2

ifK = MW, M, M/2.

Theorem (Cancellation, BCDF@, 2020)
Suppose S = pt. For any A, B 2 DME , we have

[A.Blk “O¥ [A(1), B)Ik-
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Basic Calculations

A" =2Z.

Gm=2Z Z(1[1].

A'n0=2 Z(m[2n 1].

Pl=2z Z(1)[2].

A"/(A"n0) =P"/(P"n pt) = Z(n)[2n].
E = X for any A"-bundle E over X.
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Hopf Map 7
Definition
The multiplication map G, Gz ¥ Gy, induces a morphism

Gm Gm Y Gpy.

It's the suspension of a (unique) morphism 1 2 [Gy, 1], which is called the
Hopf map.
It's also equal, up to a suspension, to the morphism

A2no 1 pl
(xy) 7% [x:y]~

Remark
The n=0if K= M, M/2, but never zero if K = MW, W!

73(5%) =Z Hopf
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MW-Motive of P"

Theorem (YY)
Suppose n2 N and p: P" ¥ pt.
@ If n is odd, there is an isomorphism

n

pn (ict Nty o écone(n)(zi D[4i 2] R(n)[2n].
i=1

@ If n is even, there is an isomorphism

pn (pich li R écone(n)(Zi 1[4i 2]
i=1

Here thn+1 = ix(1) for some rational point i : pt ¥ P".

Nanjun Yang (Tsinghua University) Projective Bundle Theorem in MW-Motives October 9, 2020 10726



c2 l.pn W cone(n)(2i 1)[4i 2]

We have cone(n) =Z Z(1)[2] in DM, since = 0. This implies
[P", cone(n)(j)[2/]Im = CH (P")  CHI™Y(P").
We have an adjunction v* : DM,y ~ DMy, : 7«

Theorem (YY)
Suppose j =2i 1 n 1. The morphism

v [P cone(m)U)i2llmw B [P", cone(n)())[2/]Im
ah 78 (a(01)), ca(01)))

is injective with coker(y*) = Z/2Z.

Nanjun Yang (Tsinghua University) Projective Bundle Theorem in MW-Motives October 9, 2020

11/26



Splitness in MW-Motives

Definition
We say X 2 Sm/k splits in DMy, if it's isomorphic to the form




Goal

Suppose E is a vector bundle. Find out the global definition of cﬁi_l and
thn+1 on P(E).
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Motivic Stable Homotopy Category SH(k)

o TP spectra of simp. Nis. sheavesg/stable Al-equivalences.
@ E-cohomologies:

=X+, E(q)[Pllsuay = EPI(X).

o H'(X,Kp) = HZ"(X) = CH"(X), CH"(X),
if E=H Z,HZ,

4 (DMMW )Q = SHQ.
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Motivic Cohomology Spectra

Definition

Every motivic theory corresponds to a spectrum in SH(k), namely

HZ HZz Hw Z HZ/2.
I N
MW M w M/2

The spectrum represents the cone(n) (induces the same cohomologies) of,
for example, MW-motive is denoted by HZ /7.
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HZ/n

Theorem (Y)
We have a distinguished triangle

PIAHZ ¥ HZ/p WHZ HZ/]R ¥P~HZ.

Remark

The triangle doesn't split since applying m2()o we get an exact sequence of
Nisnevich sheaves

0 ¥Z/2Z 1O ¥20* 1O
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WW(X )

Definition

naw (X) = [X, cone(n)(7)2illmw = [E% X, HZ/n(i)[2i])s30)-

Theorem (YY)

If R =2Z and CH'**(X) = 0, we have a natural isomorphism

0': CH'(X) CH™ YX) ¥ plaw (X).

Corollary

If R = Z[3], we have a natural isomorphism

o CHOOG]  CHTAI] 8 s (X)

for any X 2 Sm/k.
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ak,bk

Definition
Suppose n k41 and k is odd. Define a*, bk 2 Z by
CHY(P™)  CH"'(P") ¥ [P", cone(n)(K)2Kllvw
(a(0(1))k, brar(O(1))k*t) 71 3

Ch
They are independent of n.
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c(E)<:P(E) ¥ cone(n)(k)[2K]

Definition

Suppose E is a vector bundle of rank n over X, R = Z, ,CH*(X) = 0 and
k n 2isodd. Define c(E) by

CHK(P(E)) CHK™'(P(E)) B [P(E), cone(n)(K)[2K]lmw |
(a(0@)*, a(o))*t) 78 c(E)X

If R = Z[3], c(E)¥ is defined for all X 2 Sm/k.
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Projective Orientability

Recall SL¢-bundles are vector bundles E over X such that

det(E) 2 2Pic(X).

Definition
Let E be an SL®-bundle with even rank n over X. It's said to be projective

—~n—1
orientable if there is an element th(E) 2 CH" (P(E)) such that for any
x 2 X, there is a neighbourhood U of x such that Ejy is trivial and

th(E)JU = P* thl’h

where p: Pt ¢y ¥ pn-1
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Projective Orientability

@ In Chow rings, we can always let th(E) = c1(Opy(1))" 1. But this
doesn’t work for Chow Witt rings!

o If E has a quotient line bundle, it's projective orientable.

o If E has a quotient bundle being projective orientable, it's projective
orientable.

@ Further characterization?
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Projective Bundle Theorem
Theorem (Y)

Let E be a vector bundle of rank n over X. Suppose ; CH*(X) = 0 and X
admits an open covering fU;g such that CH'(U;) = 0 for all j > 0 and i.

Denote by p: P(E) 1 X.

© Ifnis even and E is projective orientable, the morphism
(pp c(EY* ™ p th(E))

n
1l

P(E) ' X (PX cone(n)(2i 1)[4i 2] X(n 1)[2n
i=1

is an isomorphism.

@ If n is odd, there is an isomorphism

>
-

. 2i 1
p(E) P Y

X cone(n)(2i 1)[4i 2.

D

Il
=

2]
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Projective Bundle Theorem

Corollary

Let E is a vector bundle of odd rank n over X. If X is quasi-projective, we
have

>
i

P(E) =X X cone(n)(2i 1)[4i 2.

'@~\

Il
=

In particular, we have (k = mmfbﬂc =1))

CH'(P(E)) = CH (X @CH A*2x P2y cH X,
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Projective Bundle Theorem

Theorem (YY)

Let E be a vector bundle of rank n over X. Suppose 2 2 R*. Denote by
p:P(E) 1 X. If n is even and E is projective orientable, the morphism
(p.p c(E~1p th(E))

n-1
2
P(E) *X EPX cone(n)(2i 1[4 2] X(n 1)2n 2|
i=1
is an isomorphism.
In particular, we have (k = minfo'%tc, 5 1g)

2j+ —~ i—n+1

CH (P(E)) = CH (X EBCH' A2x P2)/cH A cH TN
j=1

after inverting 2.

v
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Blow-ups

Theorem (Y)

Suppose Z is smooth and closed in X, n:= codimx(Z) is odd and Z is
quasi-projective. We have

n 1

Blz (X @ cone(n)(2i 1)[4i 2.

In particular, we have (k = mmfb'+1 ”Elg)

CH'(Blz (X)) = CH (X) @CH A2z Py cH A ).

Nanjun Yang (Tsinghua University) Projective Bundle Theorem in MW-Motives

October 9, 2020 25/26



Thank you!
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