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1. Introduction

1.1. Bayesian Inversion R™

Consider the problem of finding u € R™ from y € R’ where u and y are related by the equation
y = G(u).

We refer to y as observed data and to u as the unknown. This problem may be difficult for a number of
reasons. We highlight two of these, both particularly relevant to our future developments.

1. The first difficulty, which may be illustrated in the case where n = J, concerns the fact that often the
equation is perturbed by noise and so we should really consider the equation

y=G(u)+n, (1.1)

where | € R” represents the observational noise which enters the observed data. It may then be the
case that, because of the noise, y



e Let n¥ be measure on R™ with density p¥ and P measure on R™ with density po. Then the conclusion
of Theorem 1.1 may be written as:

dpv 1
G =z e —euy),
0 (1.2)

Z= _exp —o(Uy) Ho(du).
Rn
Thus the posterior is absolutely continuous with respect to the prior, and the Radon-Nikodym derivative
is proportional to the likelihood. The expression for the Radon-Nikodym derivative is to be interpreted

as the statement that, for all measurable f : R — R,

EF f(u) =B ——



We will be interested in the inverse problem of finding u from y where

y = v()+n
= G(u) +n.

Here N € H is noise and G(u) := v(1) = e~“u. Formally this looks like an infinite dimensional linear version
of the inverse problem (1.1), extended from finite dimensions to a Hilbert space setting. However the operator
et : H — H is not continuous and so we need regularization to make sense of the problem. Thus, if the
noise N € H, it will not be possible to simply apply G~! to y, difficulty 1. from the preceding subsection.
We will apply a Bayesian approach and hence will need to put probability measures on the Hilbert space H;
in particular we will want to study P(u), P(y|u) and P(u]y), all probability measures on H.

1.3. Elliptic Inverse Problem

One motivation for adopting the Bayesian approach to inverse problems is that prior modelling is a trans-
parent approach to dealing with under-determined inverse problems; it forms a rational approach to dealing
with the second difficulty, labelled 2. in the previous subsection. The elliptic inverse problem we now describe
is a concrete example of an under-determined inverse problem.

As in Section 1.2, D ¢ R¢ denotes a bounded open set, with smooth boundary dD. We define the Hilbert
spaces (Gelfand triple) V. C H C V* as follows:

H= L*D), ()l s

V = Hj(D) with norm || - [[v = |V - ||;
V* dual space;

|-l <C,ll-||v (Poincaré inequality).

Let K € X := L>°(D) satisfy

1 = > . .
ess ;22 K(X) = Kin > 0 (1.4)
Now consider the equation
-V-(kVp) = f, xeD, (1.5a)
p = 0, xeodD. (1.5b)

Lemma 1.5. Assume that f € V* and that K satisfies (1.4). Then (1.5) has a unique weak solution p € V.
This solution satisfies

||p||V < Hf| V*/Kmin

and, if f e H,
”p”V S CprH/Kmin-

We will be interested in the inverse problem of finding K from y where

y; =L +n, J=1--.3 (1.6)

Here I; € V* is a continuous linear functional on V and n; is a noise.

Notice that the unknown, K € L>°(D), is a function (infinite dimensional) whereas the data from which
we wish to determine K is finite dimensional: y € R/. The problem is severely under-determined, illustrating
point 2. from the previous subsection. It is natural to treat such problems in the Bayesian framework, using
prior modeling to fill-in missing information. We will take the unknown function to be u where either u = K
or U = logK. In either case, we will define G;(u) = 1;(p) and then (1.6) may be written as

y=G(u)+n (1.7)
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where y,n € R7 and G : X’ € X — RY. The set X’ is introduced because G may not be defined on the
whole of X. In particular, the positivity constraint (1.4) is only satisfied on

X' = ueX:essingu(x)>O cX
€

in the case where K = u. On the other hand if K = exp(u) then the positivity constraint (1.4) is satisfied for
any u € X.
Notice that we again need probability measures on function space, here the Banach spaceX = L>°(D). Fur-

thermore, these probability measures should charge only positive functions, in view of the desired inequality
(1.4).

2. Prior Modeling
2.1. General Setting

We let {@;}32, denote an infinite sequence in the Banach space X, || -[| of R—valued functions defined on

D C R?, a bounded, open set with smooth boundary. (The extension to R"—valued functions is straightfor-
ward, but omitted for brevity). We normalize these functions so that ||@,]| =1 for j =1,---, 00; we do not
assume that @g is normalized. Define the function u by

(oo}
u= @y + u;Q;. (2.1)
j=1
By randomizing u := {u;}$2, we create random functions. To this end we define the deterministic sequence

y = {y;}32, and the ii.d. random sequence & = {&;}32,, and set u; = y;&;. We let Q,F,P denote

the probability space for the i.i.d. sequence § € ) = R*°, with E denoting expectation. In the next three
subsections we demonstrate how this general setting may be adapted to create a variety of useful prior
measures on function space. On occasion we will find it useful to consider the truncated random functions

N

u =@ + u;Q;, U; =Y;§;. (2.2)
j=1

2.2. Uniform Priors

Choose X = L*(D). Assume U; = Y;§&; with & = {§}52; an iid. sequence with & ~ U[-1,1] and
y = {VJ'}?il € . Assume further that there are finite, positive constants @min, @max, 0 = 0 such that
. > -
€ss wnelg (PO (X) = (pmlru

ess sup Qo (X) < Qmax;
xEeD

HVHEI = 1 +6(pmin-

Theorem 2.1. The following holds P—almost surely: the sequence of functions {uN}3_, given by (2.2) is
Cauch in X and the limiting function u given by (2.1) satisfies

. in <u(x) < +L in ae xeD
1+6(pm1n_ _(pmax 1+6(me1] b .



Proof. Let N > M. Then, P—a.s.,

Ju™ —uM] u;@;
j=M+1 e

N

IN

Y;&0;
j=M+1 °°
o0
< 1V 11&5119; [l oo
j=M+1
o0
< 718
j=M+1

The right hand side tends to zero as M — oo by the dominated convergence theorem and hence the sequence
is Cauchy in X.
We have P—a.s. and for a.e. X € D,

ux) = @o(x) = [u;lll@;llec
j=1
> ess inf @o(x) — Iy,
Jj=1
2 Qmin — ||Y||g1
S
- 1+6(pm1n-

Proof of the upper bound is similar. O

Example Consider the random function (2.1) as specified in this section. By Theorem 2.1 we have that,

P—a.s.,

1
> ——Omin = .e. . .
u(x) > 1+6(pmm 0, ae xeD (2.3)

Set K = U in the elliptic equation (1.4), so that the coefficient K in the equation and the solution p are

random variables on 2, F,P . Since (2.3) holds P—a.s., Lemma 1.5 shows that, again P—a.s.,

Ipllv < (1+23)|f|

Since the r.h.s. is non-random we have that for all r € Z* the random variable p € LL(%;V ):

V*/(pmin-
Eljpl[y < oo.
In fact Eexp(a|lp[|},) < oo for all r € ZT and a € (0,00). O

2.3. Besov Priors

Now we set @o = 0 and let {@;}32; be an orthonormal basis for X. Let

X =LY T = u |Jux)|Pdx<oco, u(x)dx =0

Td Td
for d < 3 with inner-product and norm denoted by (-,-) and || - || respectively. Then, for any u € X, we have
u(x) = u;e; U; = (U,0;). (2.4)
j=1
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Define {; = j=*)9/4|;|9. Using the fact that the {; are non-negative and independent we deduce from
Lemma 2.3 that

EGAL = EjEDIUg0AT < oo,
j=1 j=1

This implies that t <s. We note that then
E = E j-C-0e/dg

= E jU0YG e ooy +E GO0V e s g0

IN

B GAT Tz +1

IN

where

o0
| o j—(s—a/d xle~"/2dx.
js—t)/d

Noting that, since q > 1, the function X — x%e~%"/2 is bounded, up to a constant of proportionality, by the
function X — e~** for any a < %, we see that there is a positive constant K such that

I < Kj—(s—t)q/d e~ Ty
js=0)/d

= lgjetald gy, gjtsn/d
a

= .
Thus we have shown that
E j-609dg09 < EGAL + 1y <oo.
j=1 j=1 j=1
Since the &; are i.i.d. this implies that
joa/d < o,
j=1

from which it follows that (s — t)g/d > 1 and (iii) follows. O
Lemma 2.3. Let {I;}2¢, be an independent sequence of R* —valued random variable. Then

oo oo
|j<OO a.s. & E(lj/\1)<00.
j=1 j=1

2.4. Gaussian Priors

Let X be a Hilbert space H with inner-product and norm denoted by (-,-) and || - || respectively. Assume
that {@;}32, is an orthonormal basis for H. Define

Hi= u  jiluf<oo, u=(ug) . (2.5)
j=1



As in the Section 2.3, we consider the setting in which @y = 0 so that function u is given by (2.4). We
choose & ~ N(0,1) and y; =< j~@. We are interested in convergence of the following series, found from (2.2)

with @9 = 0:
N

ut = U0, U; =YY€ (2.6)
j=1

To understand this sequence of functions, indexed by N, it is useful to introduce the following function space:
L2(Q;HY) := v:QxD = RE|v|%: <o .

This is in fact a Hilbert space.

Theorem 2.4. The sequence of functions {uV}3_, is Cauchy in the Hilbert space LZ(Q;H!), t <s— 4.
Thus the infinite series

ux) = u;@;(x), u; =y, (2.7)

j=1
exists as an L2—limit and takes values in H* for t<s — %.

Proof. For N > M,

N
Ellu —uM|3. = E § 7 uy?
j=M+1
N %)
. 2(t—s) _2(t—s)
= ] < J ¢
j=M+1 j=M+1

The sum on the right hand side tends to 0 as M — oo, provided 2(%5) < —1, by the dominated convergence
theorem. This completes the proof. O

Remarks 2.5. We make the following remarks concerning the Gaussian random functions constructed in
the preceding theorem.

e The preceding theorem shows that the sum (2.6) has an L2 limit in ' when t < s — d/2. The same
methods used to prove Theorem 2.2 show that the sum also has an almost sure limit in H*! when
t<s—d/2. Indeed, for t<s— ¢,

- 2t
Elullz, = JTE(YIED)
j=1
> 2

Yj

- 2t
d

= J

Thus ue HY ass., t<s-— 4.

e From the preceding theorem we see that, provided s > %, the random function in (2.7) generates a mean
zero Gaussian measure on 4. The expression (2.7) is known as the Karhunen-Loéve expansion, and
the eigenfunctions {¢;}52, as the Karhunen-Loéve basis.



e The following formal calculation gives an expression for the covariance operator:

C = Eu(x) @ u(x)

=E YiYi€i €0, (X) @ @r(X)
j=1k=1

YiYEE(E;€) 95 (X) @ @r(X)
j=1k=1

oo o0

YiYidjk®;(X) ® @ (X)
j=1k=1
= Vie;(x) ®9;(x).

Jj=1
From this expression for the covariance, we may find eigenpairs explicitly:

Cop = Yi0;(X) @ 0;(X) @
j=1
VIO, 00)0; = Vi0k0k = YiQk-

j=1 j=1

e The Gaussian measure is denoted A(0,C) and the eigenfunctions of C, {g;}32,, are the Karhunen-
Loéve basis for measure . The yJ? are the eigenvalues associated with this eigenbasis, and thus y; is
the standard deviation of the Gaussian measure in the direction @;.

Example In the case where H = LQ(Td) we are in the setting of Section 2.3. Furthermore, we now assume
that the {@;}52, constitute the Fourier basis. It then follows that H* = H(T%), the Sobolev space of periodic
functions on [0,1)¢ with mean zero and t (possibly negative or fractional) square integrable derivatives,
denoted by H'. Thus u € H? a.s., t<s — 4.

A commonly arising choice of prior covariance operator is C = (A)~* with A = —A, D(A) = H2(T%).
It then follows, analogously to the result of Lemma 1.3 in the case of Dirichlet boundary conditions, that
y; = jF. Thuss=aanduec H, t<a-— 4. As a result, for any t < o — 4, it is possible to view the
resulting Gaussian measure as defined on the Hilbert space H. In fact, by use of the Kolmogorov continuity
theorem, the Gaussian measures may also be defined on Holder spaces C%, for t < o — £, if o — % € (0,1)

2
and C™ withr=[a—¢], =a-9%-re(0,1). O

The previous example illustrates the fact that, although we have constructed Gaussian measures in a
Hilbert space setting, they may also be defined on Banach spaces, such as the space of Holder continuous
functions. The following theorem then applies.

Theorem 2.6. Fernique Tie



(1.5) so that the coefficient K and the solution p are random variables on the probability space Q,F,P .

Then Ky, given in (1.3) satisfies
Kmin > exp — ||u||00 .

By Lemma 1.5 we obtain
Ipllv < exp [[ufloe [[Flv-.

Since C%!  L>(T?), t € (0, 1), we deduce that,
[ullzee < Kyfluffee.

Furthermore, for any > 0, there is constant Ky = Ky ( ) such that exp(K;rx) < Kgexp( x?) for all x > 0.
Thus

Pl < exp Kurljulle [[F]v-
< Kaexp ullEe [IF]7-.

Hence, by Theorem 2.6, we deduce that
Elp|y < oo, ie. pelp(;V) VreZzt.

Thus, when the coefficient of the elliptic PDE is log-normal, that is K is the exponential of a Gaussian
function, moments of all orders exist for the random variable p. However, unlike the case of the uniform
prior, we cannot obtain exponential moments on Eexp(a||p||,) for any (r,a) € Z* x (0, 00). This is because
the coefficient, whilst positive a.s., does not satisfy a uniform positive lower bound across the probability
space. U

2.5. Summary

In the preceding three subsections we have shown how to create random functions by randomizing the
coefficients of a series of functions. We have also studied the regularity properties of the resulting functions.
For the uniform prior we have shown that the random functions all live in a subset of X = L°° characterized
by the upper and lower bounds given in Theorem 2.1; denote this subset by X’. For the Besov priors we have
shown in Theorem 2.2 that the random functions live in the Banach spaces X%9 for all t < s — d/q; denote
any one of these Banach spaces by X’. And finally for the Gaussian priors we have shown in Theorem 2.4
that the random function exists as an L2—limit in any of the Hilbert spaces H? for t < s —d/2. Furthermore,
we have indicated that, by use of the Kolmogorov test, we can also show that the Gaussian random functions
lie in certain Holder spaces; denote any of the Hlbert or Banach spaces where the Gaussian random function
lies by X’. Thus, in all of these examples, we have created a probability measure g which is the pushforward
of the measure P on the i.i.d. sequence & under the map which takes the sequence into the random function.
This measure lives on X', and we will often write to(X’) = 1 to denote this fact. This is shorthand for saying
that functions drawn from p are in X’ almost surely.

3. Posterior Distribution
3.1. Conditioned Random Variables

Key to the development of Bayes’s Theorem, and the posterior distribution, is the notion of conditional
random variables. In this section we develop an important theorem concerning conditioning.

Let (X,A) and (Y,B) denote a pair of measurable spaces and let v and T be probability measures on
X x Y. We assume that v < T. Thus there exists T—measurable ¢ : X x Y — R with ¢ € L! and

dv
g (X Y) = 0(x.y). (3.1)

11



That is, for (X,y) € X x Y,
E"f(xy) =E" o(x,y)f(x,y) ,

or, equivalently,

F(x y)v(dx,dy) = 0%, y)F (% y)m(dx, dy).
XxY XxY
Theorem 3.1. Assume that the conditional random variable x|y exists under 1 with probability distribution
denoted m¥(dx). Then the conditional random variable x|y under v exists, with probability distribution denoted
by v¥(dx). Furthermore, v¥ <« ¥ and

dv¥ Lo(x,y), if c(y)>0

el — c(y)
dmv (x) 1, otherwise

with c(y) =  o(x,y)dm¥(x).

Example Let X =C [0,1];R , Y = R. Let 1 denote the measure on X x Y induced by the random variable
w(-),w(1) , where w is a draw from standard unit Wiener measure on R, starting from w(0) = z.
Let m¥ denote measure on X found by conditioning Brownian motion to satisfy w(1) =y, thus n¥ is a
Brownian bridge measure with w(0) = z,w(1) =y.

Assume that v < T with g
Sy =exp —BxY) .

(Such a formula arises from the Girsanov theorem, for example, in the theory of stochastic differential
equations — SDEs.) Assume further that

sup ®(x,y) = T (n), ingfb(x, y)=2"(n)
z€S8 TE

and ®~,®T € (0,00) for every y € R. Then

cy)=_exp —®(x,y) dv'(x) >exp —&F(y) >0.

Thus v¥(dX) exists and
dv? 1

W(X)ZW

The following lemma is useful for checking measurability.

exp —P(x,y). O

Lemma 3.2. Let (Z,C) be a measurable space and assume that G € C(Z;R) and that n(Z) = 1 for some
probability measure m on Z. Then G is a m—measurable function.

3.2. Bayes’ Theorem for Inverse Problems

Let X, Y be separable Banach spaces, and G :



The random variable y|u is then distributed according to the measure Q,, the translate of Qy by G(u).
We assume throughout the following that Q, < Qg for u gp— a.s. Thus, for some potential & : X xY — R,

dQ,
dQo

For given instance of the data y, ®(u;y) is the negative log likelihood. Define vj to be the product measure
defined by

(y) =exp —@(uy) . (3-3)

Vo (du, dy) = Qo (dy)o (du). (3.4)

We also assume in what follows that ®(-,-) is Vo measurable. Then the random variable (u,y) € X x Y is
distributed according to measure v(du, dy) where

dv
d—VO(U,Y)—eXP - o(wy) .

We have the following infinite dimensional analogue of Theorem 1.1.

Theorem 3.3. Bayes Theorem Assume that ® : X x Y — R is vq measurable and that, for y Qy—a.s.,

Z:= exp — ®(u;y) Ho(du) > 0. (3.5)
X
Then the conditional distribution of uly exists under v, and is denoted p¥. Furthermore p¥ < Yo and, for y
v—a.s.,
dpy 1

dup W =g o —e(uy) . (3.6)

Proof. First note that the positivity of Z holds for y vy almost surely, and hence by absolute continuity of v
with respect to Vg, for y v almost surely. The proof is an application of Theorem 3.1 with T replaced by Vo,
o(X,y) =exp —®(x,y) and (X,y) — (u,y). Since vo(du, dy) has product form, the conditional distribution
of uly under vy is simply Ho. The result follows. O

Remarks 3.4. In order to implement the derivation of Bayes’ formula (3.6) four essential steps are required:

e Define a suitable prior measure Ly and noise measure QQy whose independent product form the reference
measure V.

Determine the potential ® such that formula (3.3) holds.

Show that ® is vo measurable.

Show that the normalization constant Z given by (3.5) is positive almost surely with respect to y ~ Q.

Remark 3.5. In formula (3.6) we can shift ®(u,y) by any constant c(y), independent of u, provided the con-
stant is finite Qp—a.s. and hence v—a.s. Such a shift can be absorbed into a redefinition of the normalization
constant Z.

3.3. Heat Equation

We apply Bayesian inversion to the heat equation from Section 1.2. Recall that for G(u) = e~“u, we have
the relationship

y =G(u) +n,
which we wish to invert. Let X = H and define H' = D(A%). Then, for u=  u;d;,

H'= u  du<oco, u;=(ud; .

Recall from Lemma 1.3 that a; =< j% so this agrees with H! as defined in subsection 2.4. Furthermore, we
observe that
H =D(AY?) = ww=A""2wy,wy e H

13



We choose the prior g = N (0, A=), o > 2. Thus Ho(X) = Ho(H) = 1. Indeed the analysis in subsection
2.4 shows that Ho(H!) = 1, t < a — £. For the likelihood we assume that n L u with n ~ Qy = N(0,A=7),

and B € R. This measure satisfies Qo(H!) = 1 for t < B — % and we thus choose Y = H!' for some t' < B — 4.
Notice that our analysis includes the case of white observational noise, for which B = 0. The Cameron-Martin
Theorem, together with the fact that e~ commutes with arbitrary fractional powers of A, can be used to
show that y|u ~ Q, := N(G(u), A=?) where Q, < Qp with

dQ,
dQo

(y) =exp —&(uyy),

1
d(u;y) = §|\A§e*f‘u||2 — (A%e %y, AZe 7u).

In the following we repeatedly use the fact that AYe=*, A > 0, is a bounded linear operator from H® to H?,
any a,b,y € R. Recall that vo(du, dy) = po(du)Qo(dy). Note that vo(H x H!') = 1. Using the boundedness
of A7e=* it may be shown that

P:HxH =R

is continuous, and hence vog—measurable by Lemma 3.2.
Theorem 3.3 shows that the posterior is given by pu¥ where

dpy 1 '

d—uO(U) = Zexp - o(wy) ,

Z= exp —®(u;y) Ho(du),
H

provided that Z > 0 for y Qgp—a.s. Since y € H' for any t <3 — g, Qo—a.s., we have that y = A~1"/2w, for
some Wg € H and t/ <f3 — g. Thus we may write

1 —t/
o(usy) = EHAge*AuHQ — (AT e Twy, ATe 2 u). (3.7)

Then, using the boundedness of A7e=*4, A > 0, together with (3.7), we have
®(u;y) < C(l|ufl* + [Iwol[?)

where ||Wp|| is finite Qp—a.s. Thus

Z> " exp — C(1+ [[wol*) Ho(du)
ul|2<1

and, since Ho(|[u]|> < 1) > 0 (all balls have positive measure for Gaussians on a separable Banach space) the

result follows.

3.4. Elliptic Inverse Problem

We consider the elliptic inverse problem from Section 1.3 from the Bayesian perspective. We consider the
use of both uniform and Gaussian priors. Before studying the inverse problem, however, it is important to
derive some continuiuty properties of the forward problem. Consider equation (1.5) and, define

Xt = velL>D)ess inf v(x) >0

xeD

and define the map R : XT — V by R(K) = p. This map is well-defined by Lemma 1.5.

14



Lemma 3.6. Fori=1,2, let

-V (kVp;)) = f, xeDbD,
p; = 0, xeoD.

Then

v ||Ky — K2HL°°

Ips = pelly < o]
where we assume that
Kmin 1= €SS zlreljg K1 (X) A ess zlreljg Ka(X) > 0.
Thus the function R : X+ — V is locally Lipschitz.

Proof. Let e = K; — Ko, d = p; — p2. Then

-V-(kKyVd) = V- (k1 —K)Vp2 , xe€D
d = 0, xeodD.

By Lemma 1.5 (applied twice) and the Cauchy-Schwarz inequality on L? we have

ldllv < [[(Ke = K1) VP2 ||/ Kmin
<[k = Ki[ 2o [|P2|lv/ Kmin
< (vl oo
Krznin

O

We now study the inverse problem of finding K from a finite set of continuous linear functionals {l, ‘jjzl
on V, representing measurements of p; thus I; € V*. We study both the use of uniform priors, and the use
of Gaussian priors. We start with the uniform case, taking K = u, and we define G : X+ — R’ by

Then G(u) = Gy(u), - ,Gs(u) . We set X = L*(D;R), Y = R’ and consider the inverse problem of
finding U from y where
y=G(u)+n

and n is the noise.
Define X’ ¢ Xt by

1 o
X’ = veX m(pmin < V(X) < Pmax + 1——|—6(pmin ae. XeD .

The measure Yo on functions from subsection 2.2, (found as the pushforward of the measure P on i.i.d.
sequences, see subsection 2.5) is, by Theorem 2.1, a measure on X; furthermore po(X’) = 1. We take [g as
the prior.

The likelihood is defined as follows. We assume n ~ N(0,T'), for positive symmetric I' € R7*/. Thus
Qo =N(0,T), @, =N G(u),T" and

dQ. , . _

dQO (y) = €exp — (I)(U7 y) ’

) 2 1 1 2
e(uy) =5 72y —G(u)) " — 5 I'"2y
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Recall that vo(dy, du) = Qq(dy)uo(du). G : X’ — R” is Lipschitz by Lemma 3.6 (in fact we only use that it
is locally Lipschitz) and hence Lemma 3.2 implies that ® : X’ x Y — R is vop—measurable. Thus Theorem

3.3 shows that uly ~ p¥ where
]

G W= e —owy)

Z= _exp —®(u;y) Ho(du),
X

provided Z > 0 for y Qg almost surely. To see that Z > 0 note that

Z= _exp —®(Uy) Ho(du),
X/
since Ho(X’) = 1. On X’ we have that R(-) is bounded in V, and hence G is bounded in R”. Furthermore y
is finite Qg almost surely. Thus ®(u;y) is bounded by M = M (y) < oo on X', Qg almost surely. Hence

Z> exp(—M ) (du) = exp(—M) > 0.
X/
and the result is proved.
We may use Remark 3.5 to shift ® by %|l"_%y|2, since this is almost surely finite under Qy and hence
under v(du, dy) = Q,(dy)Ho(du). We then obtain the equivalent form for the posterior distribution p¥:

dpy 1 1 1 2
d—po(u) = Z exp — 5 I y — G(u) y (38&)
Z= exp - %|r*% y—G(u) * po(du). (3.8b)
X

We conclude this subsection by discussing the same inverse problem, but using Gaussian priors from
subsection 2.4. We again set X = L>®(D;R), Y = R’ and, for simplicity, take D = [0, 1]¢. We now take
K = exp(U), and define G : X — R’ by

Gj(U):|j R exp(u) s J :1,...,J.

We take as prior on U the measure N (0, A™%), from the example preceding the Fernique Theorem 2.6, with
o > d/2. The measure Hg then satisfies p(X’) = 1 with X’ = C(D;R). The likelihood is unchanged by the
prior, since it concerns y given U, and is hence identical to that in the case of the uniform prior, although
the mean shift from Qp by Q, by G(u) now has a different interpretation. Thus we again obtain (3.8) for
the posterior distribution (albeit with a different definition of G(u)) provided that we can establish that

2

Z= exp - Mo (du) = 0.

1

x 2

To this end we use the fact that the unit ball in X', denoted B, has positive measure, and that on this ball

R exp(u) is bounded in V by e~ !||f||y«, by Lemma 1.5, since the infimum of K = exp(u) is €~* on this ball
B. Thus G is bounded on B and, noting that y is Qp—a.s. finite, we have for some M = M (y) < oo,

sup %1"7% y — G(u) ?

_ l I‘*éy|2 < M.
ueB 2

Hence

Z> BGXP(—R)Ho(dU) = exp(—R)Uo(B) > 0.

Thusc we again obtain (3.6) for the posterior measure, now with the new definition of G, and hence ®.

16



4. Common Structure

In this section we discuss various common features of the posterior distribution arising from the Bayesian
approach to inverse problems. We start, in subsection 4.1, by studying the continuity properties of the
posterior with respect to changes in data, proving a form of well-posedness; indeed we show that the posterior
is Lipschitz in the data with respect to the Hellinger metric. In subsection 4.2 we use similar ideas to study
the effect of approximation on the posterior distribution, showing that small changes in the potential ® lead
to small changes in the posterior distribution, again the Hellinger metric; this work may be used to translate
error analysis pertaining to the forward problem into estimates on errors in the posterior distribution. In
the remaining two subsections we work entirely in the case of Gaussian prior measure plo. Subsection 4.3 is
concerned with derivation and study of a Langevin equation which is invariant with respect to the posterior
K, and subsection 4.4 concerns MCMC methods, also invariant with respect to W, which exploit the structure
of a target measure defined via density with respect to a Gaussian; in particular, the idea of using proposals
which preserve the prior is introduced and benefits of doing so are explained.

4.1. Well-Posedness

In many classical inverse .2



In order to measure the effect of changes in y on the measure B¥ we need a metric on measures. We use
the Hellinger distance defined as follows: given two measures [ and [’ on X, both absolutely continuous
with respect to a common reference measure v, the Hellinger distance is

— —
d_u_ d_u dv .

1
N — —
dHeu(p-a 8 ) = 2 o dv dv

In particular, if P’ is absolutely continuous with respect to i then

1— = Tdu

1
" — —
e (M 1) 5 dn

Theorem 4.2. Let Assumptions 4.1 hold. Assume that po(X’) = 1 and that po(X’ N B) > 0 for some
bounded set B in X. Then, for every y € Y, Z(y) given by (4.1b) is positive and probability measure p
given by (4.1a) is well-defined.

Proof. Since U ~ pg satisfies u € X’ a.s., we have
Z(y)= exp —®(U;y) Ho(du).
X/
Note that B’ = X’ N B is bounded in X. Define

Ry := sup |Jul|x < oo.
ueB’

Since ® : X’ x Y — R is continuous it is finite at every point in B’ x {y}. Thus, by the continuity of ®(-;-)
implied by Assumptions 4.1, we see that

sup D(u;y) = Ry < 0.
(u,y)€B’x By (0,r)

Hence

Z(y) > . exp(—Ra)Ho(du) = exp(—Rz2)Ho(B’).

Since Ho(B’) is assumed positive and Ry is finite we deduce that Z(y) > 0. O

Theorem 4.3. Let Assumptions 4.1 hold. Assume that po(X’) = 1 and that po(X’ N B) > 0 for some
bounded set B in X. Assume additionally that, for every fixed r > 0,

exp Mi(r, Jullx) MZ(r, ullx) € L, (X;R).
Then there is C = C(r) > 0 such that, for all y,y’ € By (0, r)

dch(uy; uyl) < C”y - y/HY'

Proof. Throughout this proof we use C to denote a constant independent of u, but possibly depending
on the fixed value of r; it may change from occurence to occurence. We use the fact that, since My(r,-) is
monotonic non-decreasing and since it is strictly positive on [0, 00), there is constant C > 0 such that

exp My(r,[[ulx) Ma(r, [lullx) < Cexp Mi(r, |ullx) Ma(r,|Jullx)?, (4.2a)
exp My(r,[lullx) < Cexp My(r, [lullx) Ma(r, [uf x)> (4.2b)

Let Z = Z(y) and Z’ = Z(y’) denote the normalization constants for p¥ and p¥ so that, by Theorem 4.2,
Z=  exp —®(u;y) Ho(du) >0,
X/

Z'=  exp —®(wy’) Ho(du)>0.
X/

18



Then, using the local Lipschitz property of the exponential and the assumed Lipschitz continuity of ®(-;r),
together with (4.2a), we have

z-2'| < lexp — ®(u3y) —exp — ®(u;y’) [Ho(du)
X/

S M (r, [Jullx) [@(u;y) — @(u;y")[Ho(du)

s o M (r, [Jullx)Ma(r, [Jull x)lo(du) — [ly = y'llv

IN

C P M (r, [|ullx )Ma(r, [[ullx)*po(du) [y —y'[ly

IN

Clly =Yy'ly.

The last line follows because the integrand is in L}w by assumption. From the definition of Hellinger distance
we have

, 2
dHell(uyle-y) <1+ 1y,

where
== Lowy) —exp(—lowy) uoldu)
1 — Z = exXp 2 7y exp 2 7y I-lO ’
lb=2Z"%—(Z)*"  exp(—®(u;y’) Mo(du).

X/

Note that, again using similar Lipschitz calculations to those above, using the fact that Z > 0 and Assump-
tions 4.1,

1
LS = en Minulx) [e(uy) - @(uy)Pho(du)
X/
1
< 7 o Minfulx) Ma(r lullx)*o(du) fly - y'Il5
< Cly-vy'[3.

Also, using Assumptions 4.1, together with (4.2b),

Lo — ®(u;y’) Ho(du) < P M (r, [Jullx) Ho(du)
<C exp Mi(r flullx) Ma(r, [lullx)*po(du)
< oQ. .
Hence
l,<C Z7Vv(Z)7|Z-Z'<Cly -y}
The result is complete. O

Remark 4.4. The Hellinger metric has the very desirable property that it translates directly into bounds on
expectations. For functions f which are in L?, (X;R) and Liy, (X;R) the closeness of the Hellinger metric

implies closeness of expectations of . To be precise, for y,y’ € By (0,r) and C = C(r), we have
B#F () — B* £ (u)] < Cllun (W, 1)

so that then ,
[ (u) — B F(u)] < Clly —y']|.
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4.2. Approximation

In this section we concentrate on continuity properties of the posterior measure with respect to approximation
of the potential ®. The methods used are very similar to those in the previous subsection, and we establish
a continuity property of the posterior distribution, in the Hellinger metric, with respect to small changes in
the potential ®.

Because the data y plays no explicit role in this discussion, we drop explicit reference to it. Let X be a
Banach space and Mo a measure on X. Assume that 4 and P are both absolutely continuous with respect
to Mo and given by

(;j—;)(u) = %exp —P(u) , (4.3a)

Zz
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Hence
Z>  exp(—R2)Ho(du) = exp(—Rz)Ho(B).
B/
Since Ho(B’) is assumed positive and Rj is finite we deduce that Z(y) > 0. By Assumptions 4.5 we may
choose N large enough so that
sup |®(u) — @V (u)] <R,

ueB’
so that
sup ®V(u) = 2Ry < .
ueB’
Hence

ZN' > exp(—2Ra)Mo(du) = exp(—2R2)Ho(B’).
B/

Since Ho(B’) is assumed positive and Ry is finite we deduce that Z¥ > 0. Furthermore, the lower bound is
independent of N, as required. O

Theorem 4.7. Let Assumptions 4.1 hold. Assume that po(X’) = 1 and that po(X’ N B) > 0 for some
bounded set B in X. Assume additionally that

exp Mi(Jlullx) M3(ullx) € L,,(X;R).
Then there is C > 0 such that, for all N su ciently large,

Aren (1, 1Y) < CY(N).

Proof. Throughout this proof we use C to denote a constant independent of U, and N; it may change from
occurence to occurence. We use the fact that, since My(+) is monotonic non-decreasing and since it is strictly
positive on [0, 00), there is constant C > 0 such that

exp My ([Jullx) Ma(Jlullx) < Cexp My(Jlullx) Ma(||ullx)?, (4.5a)
exp Mi([Jullx) < Cexp Mi(Jullx) Ma(||ullx)?. (4.5b)

Let Z and Z% denote the normalization constants for 4 and PV so that for all N sufficiently small, by
Theorem 4.6,

Z= _exp —®(u) Ho(du)>0,
X/

Z¥ = exp —®™(u) po(du) >0,
X/

with lower bounds independent of N. Then, using the local Lipschitz property of the exponential and the
assumed Lipschitz continuity of ®(-), together with (4.5a), we have

z-2z% < X,Iexp —®(u) —exp — N (u) |po(du)
S Mi(Jullx) |®(u) — ¥ (u)[po(du)
S M ([Jullx) Ma([lullx)uo(du)  W(N)
< C P M (Jlullx) Mz(]lullx)*Ho(du)  W(N)
< Cy(N).
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The last line follows because the integrand is in L}LO by assumption. From the definition of Hellinger distance
we have

L2
dHell(uyle-y) <1+ 1y,

where

1 1 2
h== exp =5 (u) — eXP(—§‘I’N(U) Ho(du),
X/

lb=27%—(Z)%" exp(—dY(u) po(du).

X/
Note that, again using similar Lipschitz calculations to those above, using the fact (Theorem 4.6) that
Z,Z"N > 0 uniformly in N — oo, and Assumptions 4.5,

o<z e Milulx () - 8V (W) (d)
< 3 e Miulx) Ma(ulx)f(de) bN):
< CUY(N).

Also, using Assumptions 4.5, together with (4.5b),

exp — @M (u) po(du) < exp Ma([Juflx) po(du)
X' X'

<C  exp Mi(Jlullx) Ma(flullx)*po(du)
X/

< 00,
and the upper bound is independent of N. Hence
I, <C z3v(ZM)™3 |1Zz-ZV]2 <Cy(N)~
The result is complete. O

Remark 4.8. Using the ideas underlying Remark 4.4, this result enables us to translate errors arising
from approximation of the forward problem into errors in the Bayesian solution of the inverse problem.
Furthermore, the errors in the forward and inverse problems scale the same way with respect to N. For
functions ¥ which are in Lﬁ and LZN’ uniformly with respect to N, the closeness of the Hellinger metric
implies closeness of expectations of f:

IEF(u) — EX F(u)] < CY(N).

4.83. Measure Preserving Dynamics

The aim of this section is to exhibit a Hilbert space valued stochastic differential equation (SDE), which in
many applicstions has an interpretation as a stochastic partial differential equation (SPDE), and which is
invariant with respect to the posterior measure Y constructed in subsection 3.2. We restrict outselves to
the case of Gaussian priors Yg. The data y plays no role in what follows and indeed the theory applies to a
wide range of measures J which have density with respect to a Gaussian prior Mo including, but not limited
to, Bayesian inverse problems; we work in this general setting.

Let po = N(0,C) be a Gaussian measure on Hilbert space (H, (-, -), || - ||). We assume that p < Ho is given
by

dd%(u) = %exp —P(u) , (4.6a)
zZ = Hexp — ®(u) Ho(du) (4.6b)



where Z € (0, 00). We assume that ® : X — R where X C H satisfies Ho(X) = 1. We now specify X, thereby
linking the properties of the reference measure [y and the potential ®.
We assume that C has eigendecomposition

Co; =VY;0; (4.7)

where {@; }J"‘;l forms an orthonormal basis for H, and where y; < j~°. Necessarily s > % since C must be
trace-class to be a covariance on H. We define the following scale of Hilbert subspaces, defined for r > 0, by

o0
Xr={ueH  j7u,g;) < oo}
j=1
and then extend to superspaces r < 0 by duality. We use || - || to denote the norm induced by the inner-
product
oo
vy = §"uy;
j=1

for u; = (u,@;) and v; = (v, @,). Application of Theorem 2.2 with d = q = 1 shows that po(X") =1 for all
r € [0,s — 3). In what follows we will take X = X for some fixed t € [0,5 — 1).

Notice that we have not assumed that the underlying Hilbert space is comprised of L? functions mapping
D c R? into R, and hence we have not introduced the dimension d of an underlying physical space R? into
either the decay assumptions on the y; or the spaces X". However, note that the spaces H' introduced in
subsection 2.4 are, in the case where H = L?(D;R), the same as the spaces xt/e,

The aim of this section is to show that the equation

du_ - CD®(u) + W u(0) = up, (4.8)
dt dt

preserves the measure |4, where W is a C—Wiener process, defined below. Precisely we show that ug ~ [
then E¢ u(t) =Ed(up) for all t > 0 for continuous bounded ¢ defined on an appropriately chosen subspace
X of H, under boundedness conditions on ® and its derivatives.

In subsection 4.3.1 we introduce a family of Langevin equations which are invariant with respect to a given
measure with smooth Lebesgue density. Using this, in subsection 4.3.2, we motivate equation (4.8) showing
that, in finite dimensions, it corresponds to a particular choice of Langevin equation. In subsection 4.3.3
we describe the precise assumptions under which we will prove invariance of measure (L under the dynamics
(4.8). Subsection 4.3.4 describes the elements of the finite dimensional approximation of (4.8) which will
underly our proof of invariance. Finally, subsection 4.3.5 contains statement of the measure invariance result
as Theorem 4.19, together with its’ proof; this is preceded by Theorem 4.17 which establishes existence and
uniqueness of a solution to (4.8), as well as continuous dependence of the solution on the initial condition
and Brownian forcing. Theorems 4.11 and 4.9 are the finite dimensional analogues of Theorems 4.19 and
4.17 respectively and play a useful role in motivating the infinite dimensional theory.

4.3.1. Finite Dimensional Case

Before setting up the (rather involved) technical assumptions enquired for our proof of measure invariance,
we give some finite-dimensional intuition. Recall that | -| denotes the Euclidean norm on R™ and we also use
this notation for the induced matrix norm on R™. We assume that

I € C*(R",RY), e Wdu=1.
]Rn

Thus p(u) = e’ is the Lebesgue density corresponding to a random variable on R™. Let W be the
corresponding measure.
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Let W denote standard Wiener measure on R™. Thus B ~ W is a standard Brownian motion in
C([0,00); R™). Let u € C([0, 00); R™) satisty the SDE
d dB
S _ADI(u) + vV2AS>, u(0) = up (4.9)
dt dt
where A € R™ " is symmetric and strictly positive definite and DI € CY(R",R") is the gradient of I.
Assume that 3M > 0 : Yu € R™, the Hessian of | satisfies
D21 (u)| < M,
We refer to equations of the form (4.9) as Langevin equations, and the matrix A as a preconditioner.

Theorem 4.9. For every up, € R" and W—a.s., equation (4.9) has a unique global in time solution u €
C([0, 00); R™).

Proof. A solution of the SDE is a solution of the integral equation
t

u(t) =ug — OtADI u(s) ds+v2AB(t)) ,o0



Theorem 4.11. If uy ~ P then u(t) ~ p for all t > 0. More precisely, for all ¢ : R — R* bounded and
continuous, Uy ~ [ implies
Ed u(t) =Ed(up), vt =>0.

Proof. Consider the additive noise SDE, for additive noise with strictly positive-definite diffusion matrix 3,

?j—Lt’ =f(u)+ @%—VX, u(0) = ug ~ V.
If vp has pdf pg, then the Fokker-Planck equation for this SDE is
% = V- (-fp+2Vp), (ut) e R" x RT,
Plt=o = po.

At time t > 0 the solution of the SDE is distributed according to measure v(t) with density p(u,t) solving
the Fokker-Planck equation. Thus the initial measure Vg is preserved if

V- (—fpo + ZVpo) =0

and then p(-,t) = pg, Vt > 0.
We apply this Fokker-Planck equation to show that p is invariant for equation (4.10). We need to show
that
V.- ADI(u)p+AVp =0

if p=e~1() But then
Vp = —DI(u)e '™ = _DlI(u)p.

Thus
ADI(u)p+AVp=ADI(u)p—ADI(u)p =0,
so that
V- ADI(u)p+AVp =V-(0)=0.
Hence the proof is complete. O

4.3.2. Motivation for Equation (4.8)

Using the preceding finite dimensional development, we now motivate the form of equation (4.8). For (4.6)
we have, if H is R"™,

H(du) = p(u)du,
pu) = exp —1(u),
I(u) = %|C*%u|2 +®(u) +InZ.
Thus
DI(u) =C 'u+D®(u)
and equation (4.9), which preserves [, is

du 4 dB
E__AC u+ D®(u) +V2AE'
Choosing the preconditioner A = C gives
du dB
— = —u—CD® V20 —.
at u—CD®(u) +v2C a0t
25



This is exactly (4.8) provided W = +/CB, where B is a Brownian motion with covariance Z. Then W is a
Brownian motion with covariance C.

We provide further detail on the construction of W, using the discussion in Remark 4.10 to guide us. In
the infinite dimensional case we define a cylindrical Wiener process by

oo

B(t)= Bjo;

J=1

where {B;}72, is an i.i.d. family of Brownian motions on R with B; € C([0, 00); R). Since VCo; = y;9;, the
C—Wiener process W = v/CB is then

W(t) = v;B;(1)9;. (4.13)
j=1
The following formal calculation gives insight into the properties of W':

EW (t) @ W (s) = E Y;iYxB; (t)Br(S)9; @ @
j=1k=1

= YiYEE Bi(DBx(Y) 05 @ @
j=1k=1

= YiYx0jk(tAS)Q; @ @
j=1k=1

= Yjo;®0; tAs

j=1
=C(tAs).

Thus the process has the covaraince structure of Brownian motionin time, and covariance operator C in
space. Hence the name C—Wiener process.

In order to make sense of this infinite sum we follow an approach similar to that used in Theorem 2.4 to
make sense of Gaussian random sums. To this end, consider the finite sum

W) = y;B,(t)e;.

Let (2, F,P) denote the probability space underlying the i.i.d. sequence of unit Brownian motions used to
construct W.

Theorem 4.12. The sequence of functions {W¥}3°_, is Cauchy in the Banach space L2 Q;C([0, T]; H?) ,
t < s— <. Thus the infinite series exists (4.13) as an L2—limit and takes values in C([0, T]; H¢) for t <s—4.

We are now in a position to prove Theorems 4.17 and 4.19 which are the infinite dimensional analogues
of Theorems 4.9 and 4.11.

4.3.3. Assumptions on Change of Measure

Recall that Po(X") =1 for all r € [0,s — 3). The functional ®(-) is assumed to be defined on X* for some
te0,s— %), and indeed we will assume appropriate bounds on the first and second derivatives, building on
this assumption. These regularity assumptions on ®(-) that ensure that the probability distribution M is not
too different from Mo, when projected into directions associated with @; for j large.
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For each X € X' the derivative D®(u) is an element of the dual (X*)* of X comprising continuous linear
functionals on X'*. However, we may identify (X*)* with X% and view D®(u) as an element of X~ for each
X € Xt. With this identification, the following identity holds

DR e m) = [DD(U)]| -

and the second derivative D?®(u) can be identified as an element of L£(X?, X~!). To avoid technicalities
we assume that ®(-) is quadratically bounded, with first derivative linearly bounded and second derivative
globally bounded. Weaker assumptions could be dealt with by use of stopping time arguments.

Assumptions 4.13. There exist constants M; € R,i <4 and t € [0,s — 1/2) such that, for all u € X, the
functional @ : X! — R satisfies

My <BU) < Mg 14 ul? ;

Do)+ < Mz 1+ |ull ;

||D2‘I)(U)||L(Xt,xft) < My

Example The functional ®(u) = 1|ul|? satisfies Assumptions 4.13. It is defined on X and its derivative
at X € A" is given by D®(u) = ;5j*u;0; € X" with [D®(u)||-; = [[ull;. The second derivative
D?®(u) € L(X', X7") is the linear operator that maps u € X* to 5, J*(u,9;)@; € X*: its norm satisfies
[D2®(u)||z(xt, -y = 1 for any x € X*. O

Since the eigenvalues yj2 of C decrease as y; < j~*, the operator C has a smoothing effect: C*h gains 2as

orders of regularity in the sense that the X’-norm of C*h is controlled by the X?~2*S_norm of h € H. Indeed
we have the following:

Lemma 4.14. Under Assumptions 4.13, the following estimates hold:

1. The operator C satisfies
IC*hlls = [Ih]ls—2as-

2. The function CD® : X* — X* is globally Lipschitz on X'*: there exists a constant Ms > 0 such that
[CD®(u) — CD®(V)|; < M5 |lu—v]; vu,v € X
3. The function F : Xt — X't defined by
F(u)=—u—CD®(u) (4.14)

is globally Lipschitz on X,
4. The functional ®(-) : X* — R satisfies a second order Taylor formula®. There exists a constant Mg > 0
such that

d(v) — ®(u) + (DP(U),v—u) <Mglu—v|; VuvedX (4.15)

4.3.4. Finite Dimensional Approximation

Our analysis now proceeds as follows. First we introduce an approximation of the measure |, denoted by

uY. To this end we let P denote orthogonal projection in H onto XV := span{@y,--- ,@x} and denote by
QY orthogonal projection in H onto X+ := span{@x 11, Onx42,---}. Thus Q¥ =1 — P¥. Then define the
measure UV by
dp?Y 1 N
zN = exp — ®(PNu) po(du). (4.16b)
X/

1 ‘%\oxtend () frd an inner product on & to the duapairing between Xt and X!
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This is a specific example of the approximating family in (4.4) if we define
N =poPN, (4.17)
Indeed if we take X = X7 for any T € (t,5 — 3) we see that [PV | z(x x) = 1 and that, for any u € X,

[@(u) — @ (u)l| = [|@(u) — ®(P V)]
< Ms(L+ [Jull)ll(r = P™)ull,
< CM(1 + [Jufl-)fJull-N =0

Since ®, and hence ®V, are bounded below by —M;j, and since the function 1 + ||u||? is integrable by
the Fernique Theorem 2.6, the approximation Theorem 4.7 applies. We deduce that the Hellinger distance
between W and U is bounded above by O(N~") for any r <s — 4 —tsince T —t e (0,5 — 3 — t).

We will not use this explicit convergence rate in what follows, but we will use the idea that u"V converges
to W in order to prove invariance of the measure i under the SDE (4.8). The measure u”¥ has a product

structure that we will exploit in the following. We note that any element u € H



4.3.5. Main Theorem and Proof

We define a solution of (4.8) to be a function u € C([0, T|; X'*) satisfying the integral equation

u(t)=up+ F u(s) ds+V2W (1) vt € [0,T]. (4.21)
0
The solution is said to be global if T > 0 is arbitrary. Similarly a solution of (4.18) is a function u €
C([0,T]; X?) satisfying the integral equation

uV(t)=up+  FY ul(s) ds+vV2W(1) Yt e [0,T]. (4.22)
0

The following establishes basic existence, uniqueness, continuity and approximation properties of the
solutions of (4.21) and (4.22).

Theorem 4.17. For every ug € X* and for almost every C—Wiener process W, equation (4.21) (respectively
(4.22)) has a unique global solution. For any pair (up, W) € X* x C([0,T]; X*) we define the Itd map

0: X' x C([0,T]; X" — C([0,T]; &9

which maps (uo, W) to the unique solution u (resp. u”¥ for (4.22)) of the integral equation (4.21) (resp. ©" for
(4.22)). The map © (resp. ©) is globally Lipschitz continuous. Finally we have that ©" (ug, W) — ©(ug, W)
for every pair (up, W) € Xt x C([0, T]; X?).

Proof. The existence and uniqueness of local solutions to the integral equation (4.21) is a simple application
of the contraction mapping principle, following arguments similar to those employed when studying the Ité
map below. Extension to a global solution may be achieved by repeating the local argument on succesive
intervals.

Now let u® solve

u® =ul? +  Fu®)(s)ds + vVaw@ (1), Te0,T],
0

for i = 1,2. Subtracting and using the Lipschitz property of F shows that € = u® — u(® satisfies
1 2 T
le(t)fle < flug” —uf? [l + L e lds + V2IW D (1) — W ()],
<Ju§? —uPl+L e ds+v2 sup [WD(s) — WP (s),.
0 0<s<T

By application of the Gronwall inequality we find that

sup_[le(t)]y < C(T) Jlug” —ug”[le + sup W D(s) W (s)]],
0<7<T 0<s<T
and the desired continuity is established.

Now we prove pointwise convergence of O to ©. Let e = u — u¥ where u and u” solve (4.21), (4.22)
respectively. The pointwise convergence of OV to © is established by proving that e — 0 in C([0, T]; X*).
Note that

Fu -FYu™) = F¥uw-FYuY) + Fu)-FYu) .

Also, by Lemma 4.16, |[F~ (u) — FY¥ (u™)||; < LJle[|;- Thus we have

T T

lelle <L le(s)lleds + [IF u(s) —F™ u(s) |ds.
0 0

Thus, by Gronwall, it suffices to show that

8V = sup |IF u(s) —F" u(s) [
0<s<T
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tends to zero as N — oco. Note that
Fuy -FYu) = cD®(u)-CPYD®(PNu)
(1 =PMYcD®(u) + PN cD®(u) — CDP(PNu) .
Thus, since CD® is globally Lipschitz on X, by Lemma 4.14, and P has norm one as a mapping from X’*

into itself,
IF (u) = EY (W)l < (1 =PM)CD@(u)]¢ + Cll(1 = P¥)ul|,.

By dominated convergence ||(I — Py)a||; — 0 for any fixed element a € X*. Thus, because CD® is globally
Lipschitz, by Lemma 4.14, because u € C([0, T]; X*), we deduce that it suffices to bound supy< < [[U(S)|¢-
But such a bound is a consequence of the existence Theorem 4.17. O o

The following is a straightforward corollary of the preceding theorem:

Corollary 4.18. For any pair (Up, W) € X* x C([0,T]; X*) we define the point Itd map
O X' x C([0, T]; &) — X*

which maps (up, W) to the unique solution u(t) of the integral equation (4.21) (resp. u®(t) for (4.22)) at
time t (resp. ©F for (4.22)). The map ©, (resp. ©) is globally Lipschitz continuous. Finally we have that
ON (ug, W) — ©,(up, W) for every pair (up, W) € X* x C([0, T]; X?).

Theorem 4.19. Let Assumptions 4.13 hold. Then the measure p given by (4.3) is invariant for (4.8): for
all continuous bounded functions ¢ : X* — R it follows that, if E denotes expectation with respect to the
product measure found from initial condition uy ~ p and W ~ W, the C—Wiener measure on X, then

E¢ u(t) = Ed(uo).
Proof. We have that
Ed u(t) = ¢ O4(uo, W) p(dug)W(dw), (4.23)

E(Uo) =  (uo)u(du). (4.24)

If we solve equation (4.18) with ug ~ UV then, using EV with the obvious notation,

EVNG uM(t) = ¢ ON(ug, W) N (dug)W(dw), (4.25)

EY(ug) = d(uo)p™ (dug). (4.26)
Lemma 4.20 below shows that, in fact,
EN¢ uM(t) =ENd(up).

Thus it suffices to show that
EN¢ uM(t) — Ed u(t) (4.27)

and
ENd(ug) — Ed(u). (4.28)

Both of these facts follow from the dominated convergence theorem as we now show. First note that
ENO(Uo) = d(uo)e™ P40y (dug).

Since §(-)e~®*°P" is bounded independently of N, by (sup ¢)e™:, and since (® 0P ¥)(u) converges pointwise
to ®(u) on X*, we deduce that

ENd(uo) = (ug)e™ g (dug) = Ed(uo)
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so that (4.28) holds. The convergence in (4.27) holds by a similar argument. From (4.29) we have
EVNG uN(t) = ¢ ON(up, W) e 2@ w0y (dug)W(dW). (4.29)

The integrand is again dominated by (sup ¢)e*:. Using the pointwise convergence of OF to ©, on X! x
C([0,T]; X?), as proved in Corollary 4.18, as well as the pointwise convergence of (® o PY)(u) to ®(u), the
desired result follows from dominated convergence: we find that

ENG uM(t) — & O.(up, W) e~ Py (dug)W(dW) = Ed u(t) .

The desired result follows. O

Lemma 4.20. Let Assumptions 4.13 hold. Then the measure pu given by (4.16) is invariant for (4.18):
for all continuous bounded functions ¢ : X* — R it follows that, if EV denotes expectation with respect to
the product measure found from initial condition uy ~ pv and W ~ W, the C—Wiener measure on X, then
ENo uN(t) =ENd(up).

Proof. Recall from Lemma 4.15 that measure p given by (4.16) factors as the independent product of two
measures on Pp on XV and pg on X+. On X+ the measure is simply the Gaussian g = N(0,C), whilst
XN the measure Wp is finite dimensional with density proportional to

1 _1

exp —®(p) - §H(CN) =p)* . (4.30)

The equation (4.18) also decouples on the spaces XV and X+. On X it is simply

dq N aw

— == 207 — 4.31

q = 4+ V20T (4.31)

whilst on X% it is q dW

p N N

— =—-p—-C"D?® 2P —.

5 = P C'De(p) + V2P

Measure Mg is preserved by (4.31), because (4.31) simply gives an Ornstein-Uhlenbeck process with desired

Gaussian invariant measure. On the other hand, equation (4.32) is simply a Langevin equation for measure on

RY with density (4.30) and a calculation with the Fokker-Planck equation, as in Theorem 4.11, demonstrates
the required invariance of up. O

(4.32)

4.4. MCMC Methods

The perspective that we have described on inverse problems leads to new sampling methods which are
specifically tailored to the infinite dimensional setting, and its approximation by finite dimensional measures.
In particular it leads naturally to the design of algorithms which perform well under refinement of the finite
dimensionalization. To illustrate this idea we consider the setting of Section 4.4 and study random walk type
algorithms.

First of all we describe the standard Random Walk Metropolis (RWM) algorithm, designed to sample
a measure on RY. To this end we notice that the measure u" given by (4.16) factors as the product of
two independent measures on X and H\X?¥. The measure on H\X?" is given by the prior and is easily
sampled. Thus it remains to sample the measure on X*. This space is isomorphic to RY. We define

1
H(u) = 2(u) + g [lc2u”. (4.33)
Then, for u € X, the measure of interest has Lebesgue density
¥ (u) < exp —1(u) .

This standard RWM algorithm defines a Markov chain {u*} on X¥ as follows.
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e Set k = 0 and Pick u® ¢ XV,

e Propose VK = u® 4 gPNER) | E(F) N (0,C).

e Set u*+D = v(¥) with proability a(u®),v(*)), independently of u(®), §*),
e Set ukt) = u(®) otherwise.

o k- k+1.

Here

a(u,v) = min{l,exp I(u) —1(v) }.

This Markov chain leaves the density MV as defined above invariant. It is, however, badly behaved in the
limit N — oo. This is because
lim 1(PNMu) = o
N—o00
almost surely for u ~ [.
To overcome this issue we introduce a new RWM algorithm which is defined on the whole of H, not just
on finite truncations. The algorithm is defined as follows, when applied on X*V:

Set k = 0 and Pick u(® ¢ X~

[ ]

e Propose v = (1 —B2)u® +BPNER), &) ~ N(0,0).

e Set uFt) = v(¥) with proability a(u®),v(¥)) independently of u®*) and &+,
e Set uk D =y otherwise.

e k— k+1.

Here

a(u,v) = min{l,exp ®(u) — d(v) }.

Notice that the small change in proposal, when compared with the standard RWN, results in an acceptance
probability defined via differences of ® and not I. Because ® is a.s. finite with respect to W, whilst | is
not, this leads to a considerably improved algorithm which has desirable N —independent properties when
implemented on a sequence of approximating problems with N — oo.

To quantify this it is useful to introduce the concept of spectral gap. Define the spaces

Li ={f: X =>R: ||f||§ = IE“|f(u)|2 < oo},
Li={felL:uf)=0}

Define the Markov kernel
PHUW=E fu® u®=u .

Then set 5
P35

serz I3

P ||L§—>Lg =

We have Li—spectral gap y if [P |Lz,L2 <1 —Yy. Clearly y € (0,1). Furthermore, the bigger y the better
the performance of the algorithm.
The following theorem quantifies the benefits of the new RWM algorithm over the standard one.

Theorem 4.21. For the standard RWM algorithm:

e If B =N~ with a € [0,1) then the spectral gap is bounded above by C,N ~? for any positive integer p.
e If B = N~ with a € [1, 00) then the spectral gap is bounded above by CN ~3.

Hence spectral gap is bounded above by CN ~z. For the new RWM algorithm the spectral gap is bounded
below independently of N. Hence we have a central limit theorem and, for u(® ~ p and C independent of N,

1 K N_ 2
E” o fu®)—E+ f <CK™L
k=1
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. Bibliographical Notes

e Subsection 1.1. See [BS94] for a general overview of the Bayesian approach to statistics in the finite
dimensional setting. The Bayesian approach to linear inverse problems with Gaussian noise and prior
in finite dimensions is discussed in [Stul0, Chapters 2 and 6] and, with a more algorithmic flavour, in
the book [KSO05].

e Subsection 1.2, 1.3. See [Eva98] for theory relevant to both the heat equation and the elliptic equation.
For more detail on the heat equation as an ODE in Hilbert space, see [Paz83, Lun95]. For further reading
on severely ill-posed problems see [Stul0, Chapters 3 and 6], [KvdVvZ11b], [ASZ12]; for linear inverse
problems in infinite dimensions see [Stul0, Chapters 3 and 6], [ALS12], [Man&4], [LPS89], [KvDVvZ11al;
for the elliptic inverse problem — determining the permeability from the pressure in a Darcy model of
flow in a porous medium and obtaining bounds on the solution using Lax-Milgram theorem [Ric81,
DS11]; for the inverse heat equation, see [Kir96, EHN96].

e Subsection 2.1. For general discussion of the properties of random functions constructed via random-
ization of coefficients in a series expansion see [Kah85].

e Subsection 2.2. These uniform priors have been extensively studied in the context of the field of Un-
certainty Quantification and the reader is directed to [CDS10, CDS12] for more details. Uncertainty
Quantification in this context does not concern inverse problems, but rather studies the effect, on
the solution of an equation, of randomizing the input data. Thus the interest is in the pushforward
of a measure on input parameter space onto a measure on solution space, for a differential equation.
Recently, however, these priors have been used to study the inverse problem; see [SS12].

e Subsection 2.3. Besov priors were introduced in the paper [LSS09] and Theorem 2.2 is taken from that
paper. We notice that the theorem constitutes a special case of the Fernique Theorem in the Gaussian
case ( = 2; it is restricted to a specific class of Hilbert spafe norms, however, whereas the Fernique
Theorem in full generality applies in all norms on Banach spaces which have full Gaussian measure. A
more general Fernique-like property of the Besov measures is proved in [DHS12] but it remains open
to determine the appropriate complete generalization of the Fernique Theorem to Besov measures.

e Subsection 2.4. The general theory of Gaussian measures on Banach spaces is contained in [Lif95,
Bog98]. The text [DZ92], concerning the theory of stochastic PDEs, also has a useful overview of
the subject. The Karhunen-Loéve expansion (2.7) is contained in [AdI81]. The informal calculation
concerning the covariance operator of the Gaussian measure which follows Theorem 2.4 may be proved
using characteristic functions; see, for example, Proposition 2.18 in [DZ92]. All three texts include
statement and proof of the Fernique Theorem in the generality given here. The Kolmogorov continuity
theorem is discussed in [DZ92] and [Ad190]. Proof of Holder regularity adapted to the case of the
periodic setting may be found in [Hai09] and [Stul0, Chapter 6]. For further reading on Gaussian
measures see [DP06].

e Subsection 3.1. Theorem 3.1 is taken from [HSVWO5]where it is used to compute expressions for the
meausure induced by various conditionings applied to SDEs. The Example following Theorem 3.1,
concerning end-point conditioning of measures defined via a density with respect to Wiener measure,
finds application to problems from molecular dynamics in [PS10, NST]. Further material concern-
ing the equivalence of posterior with respect to the prior may be found in [Stul0O, Chapters 3 and
6], [ALS12], [ASZ12]. The equivalence of Gaussian measures is studied via the Feldman-Hajek theorem;
see [DPZ92] and [DZ92].

e Subsection 3.2. General development of Bayes’ Theorems for inverse problems on function space, along
the lines described here, may be found in [CDRS09, Stul0]. The reader is also directed to the papers
[Las02, Las07] for earlier related material, and to [Lasll, Las12a, Las12b] for recent developments.

e Subsection 3.3. The inverse problem for the heat equation was one of the first infinite dimensional
inverse problems to receive Bayesian treatment; see [Fra70]. The problem is worked through in detail
in [Stul0]. To fully understand the details the reader will need to study the Cameron-Martin theorem
(concerning shifts in the mean of Gaussian measures) and the Feldman-Hajek theorem (concerning
equivalence of Gaussian measures); both of these may be found in [DZ92, Lif95, Bog98] and are also
discussed in [Stul0].

e Subsection 3.4. The elliptic inverse problem with the uniform prior is studied in [SS12]. A Gaussian

33



prior is adopted in [DS11], and a Besov prior in [DHS12].

e Subsection 4.1. Relationships between the Hellinger distance on probability measures, and the Total
Variation distance and Kullback-Leibler divergence may be found in [GS02], [Pol].

e Subsection 4.2. The relationship between expectations and Hellinger distance, as used in Remark 4.8,
is discussed in [Stul0].

e Subsection 4.3 concerns measure preserving continuous time dynamics. The finite dimensional aspects
of this subsection, which we introduce for motivation, are covered in the texts [Oks03] and [Gar85]; the
first of these books is an excellent introduction to the basisc existence and uniqueness theory, outlined in
a simple case in Theorem 4.9, whilst the second provides an in depth treatment of the subject from the
viewpoint of the Fokker-Planck equation, as used in Theorem 4.11. This subject has a long history which
is overviewed in the paper [HSV07] where the idea is applied to fiding SPDEs which are invariant with
respect to the measure generated by a conditioned diffusion process. This idea is generalized to certain
conditioned hypoelliptic diffusions in [HSV11b]. Tt is also possible to study deterministic Hamiltonian
dynamics which preserves the same measure. This idea is described in [BPSSS11] in the same set-up
as employed here; that paper also contains references to the wider literature. Lemma 4.14 is proved in
[MPS12]. Lemma 4.20 requires knowledge of the invariance of Ornstein-Uhlenbeck processes together
with invariance of finite dimensional first order Langevin equations with the form of gradient dynamics
subject to additive noise. The invariance of the Ornstein-Uhlenbeck process is covered in [DPZ96] and
invariance of finite dimensional SDEs using the Fokker-Planck equation is discussed in [Gar85]. The
C—Wiener process, and its properties, are described in [DZ92].

e Subsection 4.4 concerns The standard RWM was introduced in [MRTT53] and led, via the paper
[Has70], to the development of the more general class of Metropolis-Hastings methods. MCMC meth-
ods which are invariant with respect to the target measure J. The paper [CRSW12] overviews this
subject area, including the new RWM method. The specific idea of the new RWM is contained in
the unpublished paper [Nea98], equation (15). The paper [Tie98] is a key reference which provides a
framework for the study of Metropolis-Hastings methods on general state spaces, and may be used
to establish that the new RWM method is well-defined on the Hilbert space H. Theorem 4.21 is a
summary of the results in the paper [HSV11a].
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